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Abstract

In a complete-market economy in which investors hold a disaster model until its since-
adoption record rejects it, the equilibrium risk-neutral disaster intensity factors exactly
into a representative-agent benchmark times a wealth-weighted power mean of current
beliefs. Inversion recovers the market’s priced disaster belief, not the physical law. How-
ever, that belief aggregate is not the complete pricing state: continuation values depend
on the law governing belief revision, and that law depends on the records under which
current beliefs have survived. Therefore, conditional on the current option state, proxies
for those survival records forecast the slope of the disaster-tail term structure—a residual

that belief-sufficient models set to zero.

1. Introduction

Index options price rare disasters, and the disaster distribution they imply is not the one the
macroeconomic record measures. The physical disaster sizes of Barro (2006), inverted through
a frictionless representative-agent kernel, overstate the tail options price on average; yet that
same risk-neutral tail spikes far above any physical benchmark after a crisis (Backus et al.,
2011; Bollerslev and Todorov, 2011; Andersen et al., 2015b). We show the gap has an exact

equilibrium interpretation: the surface prices beliefs about a fixed physical law, and inversion



recovers the priced belief aggregate exactly, not the physical law. But that aggregate alone
is not enough to price continuation claims, whose value depends on the law governing belief

revision.

Investors in our complete-market Lucas economy each hold a single model of the disaster rate
and revise it lazily—held while the record accrued since adoption stays unsurprising under it,
abandoned for the best alternative at a surprise (Ortoleva, 2012). From common priors and
common data, heterogeneous only in their revision tolerances, they come to disagree endoge-
nously. Current beliefs thus determine current subjective disaster laws, while survival records
determine when those laws change.! In equilibrium the risk-neutral disaster intensity factors

exactly,

Ut = URA Kt,

into a representative-agent benchmark UR—the intensity a correct-belief agent prices off the
macro-measured physical law—times a belief multiplier r;: a wealth-weighted power mean, of
order the common risk tolerance, of current disaster likelihood ratios (Jouini and Napp, 2007;
Cvitani¢ and Malamud, 2011). Representative-agent inversion therefore recovers a priced belief
aggregate, \*k;,—the object the disaster-option literature measures (Baron et al., 2024; Chen
et al., 2012)—mnot the physical disaster law. However, extracting a spot intensity, estimating its
transition law as a function of that intensity, and using the fitted law to price longer maturities

imposes precisely the sufficiency restriction the theorem refutes.

The reason is the state. Prices of continuation claims capitalize how the cross-section will
evolve, and its evolution is not a functional of the cross-section: revision timing turns on the
survival records and tolerances that the record-resolved state W, carries and the current belief
distribution S; does not (Figure 1 summarizes the mechanism). Under CRRA the split is exact.
First, the fear factor U;, the multiplier x;, the short rate, and the risk-neutral size shape are

functionals of S; alone. Second, the price—dividend ratio, the level of the disaster premium,

LA lazily held belief is not a sufficient statistic for its own revision—the individual-state result of the com-
panion paper (Teguia, 2026), whose equilibrium incidence this paper derives.
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Figure 1: The mechanism. An investor holds one disaster model and tests it only on the record
accrued since adoption. An unsurprising record keeps the belief and ages toward a sched-
uled calm deadline; a surprising one triggers revision to the common posterior mode. Wealth
meanwhile reallocates toward whichever views the path vindicates. The spot tail prices the cur-
rent cross-section of held beliefs; the term-structure slope prices the records under which they
survived—the coordinate no belief-sufficient model carries. A Bayesian benchmark bypasses the
record loop (dashed): her posterior is her state, continuously updated with no since-adoption
test, so her forward surface reads off the current cross-section.

and the term structure of the tail load on the full ¥,. Consequently, economies with identical
current beliefs, wealth shares, short rates, and spot disaster tails carry different forward tails,
disaster premia, and price—dividend ratios (Figure 2). The spot surface reads what the market

fears; the term structure reads how long it has feared it.

Call a model belief-sufficient if its pricing state is the current cross-section of beliefs, however
generated—the field’s workhorses, from latent intensities (Wachter, 2013; Gabaix, 2012; Seo
and Wachter, 2019) to Bayesian and filtered posteriors (Collin-Dufresne et al., 2016; Dew-
Becker et al., 2025), heterogeneous cross-sections (Chen et al., 2012), and diagnostic distortions
(d’Arienzo, 2020; Wang, 2021). The record’s imprint is absent at the short end and enters at
first order beyond it—two dates with the same spot tail share the front of the curve and part

only further out—so the test is a residual one: after controlling for the current option state,



survival-record proxies—time since the last disaster (observable), accumulated calm surprise (a
model-guided reconstruction), distance to a rejection boundary (structural)—should forecast
the slope of the disaster-tail term structure, while any belief-sufficient model sets that residual to
zero. The raw path-dependence documented in the surface runs the other way—strongest at the
short end and weakening with maturity (Guyon and Lekeufack, 2023)—so ours is the orthogonal
residual that survives the control and enters where that raw effect fades. A nonzero residual
rejects belief-sufficiency given the maintained spanning of the current option state. Attributing
the residual to testing rests on two signs no exogenous clock produces—calm deadlines that
shorten in the held intensity, and a disaster-triggered upward re-anchoring arriving with the
wealth reweight. The rejection does not rest on the attribution—any history-bearing failure
of belief-sufficiency is caught; the two signs mark testing as the source. Time since the last
disaster is recovered from the path alone; the remaining proxies are model-based reconstructions
(Remark 1)—testable where a latent disaster intensity, the literature’s dark matter (Campbell,

2018; Chen et al., 2024), is not.

The record-dependent transition law also produces asymmetric dynamics: a disaster reweights
wealth toward the fearful and can trigger a coordinated upward re-anchoring, while calm erodes
fear through gradual selection and, under monotone re-selection, staggered rejection deadlines,
and demographic turnover sustains the cycle in a stationary economy. The level implication is a
countercyclical priced tail: the power mean sits below the arithmetic mean, so dispersion alone
prices the tail beneath the representative-agent benchmark, and the inverted intensity A\*k;
falls through a calm and jumps at impact. The term-structure implications are the record’s:
a disaster inverts the disaster-tail curve, the inversion unwinds on a schedule timed by the
crisis’s age, and the calm-conditional calendar spread—in traded form, deep out-of-the-money
put calendar spreads—is priced by the same record channel that every belief-sufficient model
sets to zero. Conditional on the spot state, the record wedge is usually a few percent of the
twelve-year forward tail and organizes a large share of the calm-conditional forward variation;

and because two investors can share the current predictive belief while their beliefs survived



different records, the channel moves prices without moving fundamental forecasts. The slope
prediction (Theorem 1) is untested and untargeted—mew to the data and to the calibration

alike.

Two caveats are in order. First, the calibration is illustrative rather than estimated: absent
data on disagreement about the option-relevant disaster intensity, the belief block is pinned to
a few stylized option-tail targets, and we make no out-of-sample claims.? Second, we use CRRA
preferences because they keep the factorization and the spot/forward separation exact; the cost
is the familiar safe-rate problem of power utility. Still, the model is falsifiable: wherever it pins

a sign, the opposite cyclicality in the data rejects it.

Related literature. The paper adds no disaster process to rare-disaster asset pricing (Barro,
2006; Wachter, 2013; Gabaix, 2012; Seo and Wachter, 2019): the physical law is fixed, and a
heterogeneous, lazily revising cross-section moves the priced tail. The level it moves is shared
territory. A power mean of order below one sits under the arithmetic mean, so a cross-section
right on average prices the tail below the representative-agent benchmark—dispersion alone
is complacency (Jouini and Napp, 2007; Cvitani¢ and Malamud, 2011)—and the far-tail gap
of Backus et al. (2011), the investor-fears wedge of Bollerslev and Todorov (2011), and the
unspanned tail factor of Andersen et al. (2015b) all sit at this front of the curve; the selection
engine—disasters paying the fearful at a stroke, calm paying the complacent slowly—is like-
wise the market-selection mechanism of Blume and Easley (2006) and Kogan et al. (2006), a
functional of the current cross-section. Chen et al. (2012) price a given cross-section of disaster
beliefs; we ask why identical current cross-sections carry different forward prices. What the field
has measured sits on the shared side of the line (Internet Appendix Table 1); the level’s one
directional prediction is a countercyclical inverted intensity A*k;, and the procyclical physical

tail of Gormsen and Jensen (2025) is reconciled with it in Internet Appendix ?7.

A large literature lets rare events and slow learning generate persistent, belief-driven dynamics

2Turnover enters the stationary economy of Section 6 through a standard overlapping-generations structure;
the model dispersion of entering cohorts adds an exogenous source of disagreement to the endogenous one of
the homogeneous-start baseline.



(Collin-Dufresne et al., 2016; Wachter and Zhu, 2025; Ghaderi et al., 2022; Kozlowski et al.,
2020)—post-disaster fear that persists for years under Bayesian latent-regime learning, option
surfaces generated by filtered disaster states (Seo and Wachter, 2019), tail beliefs scarred by
observed draws—but in every case the persistence is a property of the belief: the posterior
is the pricing state, and two markets that share it share their forward surfaces. The closest
neighbor, Dew-Becker et al. (2025), filters a latent value smoothly into a perceived intensity
that is its own Markov pricing state, delivering the leverage effect and volatility dynamics we
concede; ours needs ¥,, so the pricing state, not the shared aggregator, separates the two; a
record coordinate is one structural source of the excess volatility of long-maturity claims relative

to short-end dynamics (Giglio and Kelly, 2018).

Against non-Bayesian revision the division of labor is exact: the rule is Ortoleva (2012)’s
(see also Menzies and Zizzo 2009; Cho and Kasa 2015), the enlarged individual state is the
companion paper’s (Teguia, 2026), and this paper owns the price decomposition the enlargement
creates in equilibrium. Models of costly attention and infrequent adjustment place a time-since-
last-action coordinate in the agent’s state (Abel et al., 2013; Bacchetta and van Wincoop, 2010)
and are likewise outside the belief-sufficient class; what testing adds are the two signs above—a
surprise clock, shorter for more fearful models, fired upward by a disaster—content an attention
cost does not supply and the data can check. And where memory determines beliefs and prices
(Malmendier and Nagel, 2011; Nagel and Xu, 2022; Wachter and Kahana, 2024; Bordalo et al.,
2020), the remembered past moves the current predictive belief, so memory and the forecast
move together; here two investors can share the current predictive belief and differ in their
expected revision times, because their beliefs survived different records—market memory that
prices without predicting fundamentals. Price-extrapolation (Bastianello and Fontanier, 2026),
robust learning (Hansen and Sargent, 2010), and eroding confidence (Lanzani, 2025) each move
a current belief object that remains sufficient; our investors commit to a single model and test
it.

Section 2 establishes the result in a two-economy example. Sections 3 and 4 derive its two



ingredients—what the spot tail recovers, and why the recovered aggregate does not determine
its own evolution—and Section 5 combines them in the full equilibrium. Section 6 disciplines
the mechanism against the option-tail evidence. Proofs are in Appendices A—B and the Internet

Appendix.

2. The main result in a two-economy example

This section constructs the main result in miniature: in two dates and one formula, a pair
of economies with identical current pricing states for the spot tail and different continuation

states—the difference in a coordinate no belief-sufficient state can carry.

The priced object. Disasters arrive at the Poisson rate \* = 3% per year with sizes J ~ Fj;
investors have CRRA utility with a = 3.5 and entertain two rival models of the arrival rate,
a complacent A\, = 1% and a fearful \,; = 6% —the physical and preference blocks of Table I.
The simplest disaster claim pays one dollar at the first disaster inside a window; its price per
unit of physical probability is the risk-neutral tail, which factors (Proposition 2) into a fixed
risk-aversion markup E;[e*/] = 2.82—common to every comparison below, so we drop it—
times a belief multiplier. When a share s of wealth holds the fearful model, the multiplier is

the intensity-channel form of Internet Appendix Corollary 77,
ro= s Qu/a) " (1= s) (/A7) ]

the wealth-weighted power mean of the held rates, not their average. With a quarter of wealth

fearful, kKo = 0.573: the market prices the tail at 57 cents per benchmark dollar.

Two updaters. Hand the data to a Bayesian with an even prior over the two models—the
section’s public prior. Each calm year multiplies her posterior odds on the fearful model by

e~ 905 five quiet years carry her predictive rate from 3.5% to 3.19%. Her belief glides—and, the



operative property, her posterior is a sufficient statistic for her own future: tell me her belief

today and I can price every claim at every horizon.

The lazy investor of Definition 1 does not glide. She holds the fearful model and tracks
one object, the record since she adopted it: through calm, the quiet spell A, whose surprise
under her own model—essentially e *#“—drains deterministically and crosses her tolerance

¢ = 0.650 at the deadline

A* 108;(1/5)7
Ahi

the zero-count term of the exact criterion (14), whose full two-sided form sets the deadline at
A* = 11.9 years (the zero-count term alone would say 7.2); the exact date is the example’s clock,
deterministic and finite by Internet Appendix Proposition ?7?. At the deadline she abandons
the model and re-anchors at the posterior mode, after any quiet spell the complacent model

(Internet Appendix Lemma ?7).

Where the wealth goes. In calm the fearful investor is long insurance that never pays, and her
wealth bleeds to the complacent: the fearful share obeys the replicator of Internet Appendix

Proposition 77,

Ahi — A
dlog St AT Aoy 43% per year,
1—s «

so five quiet years carry s from 0.250 to 0.237 and the multiplier from 0.573 to 0.558—a
smooth cent-and-a-half decline. At a disaster the insurance pays: wealth is reweighted by
each model’s likelihood ratio, s — s (\y;/A*)Y/®/G, jumping the fearful share from 0.250 to
0.357. The channel is smooth in calm and proportional at crashes—wealth never lurches on
a schedule—and it is a functional of the current cross-section alone: hand me today’s s and
I know today’s drift and today’s reweight exactly. A Bayesian economy—formally, any belief-
sufficient benchmark sharing the date-t cross-section—has the same wealth dynamics; selection
acts on realized likelihoods, not on the updating rule, so it is the engine the benchmark shares,

not the one that separates.



Up by surprise, down on schedule. At a crash the two engines fire together: the reweight lifts
the multiplier from 0.573 to 0.706 through wealth alone, while one disaster against five quiet
years flips the public mode, and every investor whose updated record leaves the typical set
re-anchors upward at once—through the purse and through the mind, the purse in proportion,

the mind in lumps.

Two histories, one cross-section. Now build two tester economies identical today: in each, a
quarter of wealth is fearful, so both price the spot tail at ko = 0.573. They differ only in what
today’s cross-section cannot see, the records. In Aged, the fearful cohort adopted its model
eight years earlier, so it carries eight quiet years of record and its deadline arrives in year four
(A* —a =~ 3.9). In Fresh, the cohort adopted at date 0 with a blank record; its deadline
lies beyond the horizon. Price the five-year-forward tail claim—the tail over years five to six,

conditional on calm: a calendar spread of deep out-of-the-money puts.

spot kg forward k5 (calm) forward /spot

Aged  0.573 0.333 0.58
Fresh  0.573 0.558 0.97

Against the Fresh counterfactual, the shared selection over the full five years accounts for 1.5
cents and the deadline for the 22.4-cent gap between the rows: selection is the channel the
two economies share while both run it; what separates the rows is beliefs re-anchoring, and
nothing else. (The table reports the left-endpoint forward multiplier k5; the year-five-to-six
tranche integrates the forward multiplier over the window, the two differing only through the

within-window drift.)

Example Proposition. In the two-date binary economy, let Aged and Fresh share the cross-
section sy and differ only in the fearful cohort’s adoption date. Then (i) the spot tails coincide,
ko = Kp; (ii) the calm-conditional forward tails differ, k5 = A\,/A* < ki; and (iii) in any

economy whose date-0 pricing state is the date-0 cross-section—the Bayesian of this section

included—the two forwards coincide.



(Proof in Internet Appendix ??.) Item (iii) covers the Bayesian outright—her posterior is her
state—and the wedge is not a wealth effect in disguise: the wealth channel is common to the

class, so conditioning on the spot surface nets it out.

The example assumes what the model must deliver: deterministic calm deadlines and a common
re-selection destination; the split surviving a continuum of tolerances, general records, disasters,
and turnover; and no finite statistic of the cross-section recovering the records. The next two
sections derive the ingredients separately—Section 3 what any current cross-section prices,
Section 4 why that cross-section does not determine its own evolution—and Section 5 combines
them in Theorem 1, whose Remark 1 conditions on the spot surface to expose the residual in

data. Every number is the calibration of Table I.

3. The economy, and what the spot tail recovers

We build the economy on one modeling choice: investors agree about everything except the law
of disasters. The setting is a continuum-of-agents Lucas tree whose dividend carries Brownian
risk and rare downward jumps drawn from a continuous size distribution. Investors share the
diffusion—which the continuous record pins down on any interval-—and dispute the disaster
law. In the baseline they dispute its arrival rate A, the size law held common; disagreement
over the size index 6 is an extension. We carry the joint law ¢ = (A, 6) as the general object
and state every result in the intensity channel (every held model carries the correct size law,
foe) = f; the family {Fy} itself remains nondegenerate and available for the size-disagreement
extension) unless the size extension is flagged. Every quantitative result is intensity-channel;
size disagreement is what makes the pricing state infinite-dimensional (Proposition 3) and is
otherwise developed in the Internet Appendix. The object to track is the cross-section of held
¢ and how it moves. Why the disaster law, and not the diffusion, is the admissible thing to

disagree about—the diffusion and the realized jumps are pinned down by the consumption path

10



itself, whereas the intensity and the size law are learned only from the rare disasters as they

accrue—is established in Internet Appendix ?7?.

A. The aggregate endowment

Fix a filtered probability space (€2, F, (Ft)i>0, P) satisfying the usual conditions, with P the
physical law. On it live a standard Brownian motion W, a Poisson process N of intensity A\*
independent of W, and an i.i.d. sequence of disaster sizes {Ji }r>1 independent of (W, N). Write

{T% }r>1 for the jump times of N and collect the disasters in the integer-valued random measure

pldt, da) =Y &z, g (dt, dx)

k>1
on [0,00) x J, a marked Poisson process in the sense of Brémaud (1981).

Assumption 1 (Primitives of the endowment): The drift g € R, the diffusion coefficient o > 0,
and the disaster intensity \* > 0 are constants known to the modeler (the fixed physical law;
o and o are common knowledge among investors, while \* and Fj are known to the modeler
alone—the objects investors dispute), and the size support J = [J,J] C (0,00) is a known
compact interval. The disaster-size law Fy is a Borel probability measure on J with continuous,
strictly positive Lebesgque density f. Aggregate consumption (the Lucas-tree dividend) C; > 0
solves

G _ po dt + o dW, — / (1—e™™) p(dt, dz), Co >0, (1)

J

t—
so that, in logs,

dlog C) = (uo — %aQ>dt Y odW, — / z p(dt, dz) -
J

between disasters C' is geometric Brownian, and at Ty, it falls by Cr, = Cp,_e 7%, i.e. Alog Cp, =

—Ji. The filtration (F;) is the P-augmentation of the natural filtration of the path C.

Assumption 2 (The belief family): The size family {Fy : 0 € ©} of Section 3.B, with Lebesgue

11



densities fo on J (© C R a compact interval, and A = [\, \] C (0,00) containing N\* in its

interior), satisfies:

(i) Full support: (x,0) — fo(x) is jointly continuous with fo(x) >0 on J x O, hence bounded

and bounded away from zero on that compact set.

(ii) Regularity: 6 — log fy(x) is continuously differentiable with score ly(x) = dglog fo(z),

and the Fisher information 1(0) := [, lo(2)? Fy(dx) is finite and strictly positive on ©.
(i7i) Tdentifiability: 0 # ¢ = F, £ Fy.
(iv) Strict KL identifiability: 6 — KL(F}|Fy) has a unique minimizer 6* on ©.

(v) Spanning: for every a > 0, the family {(fo/f)"* : 6§ € O} is linearly independent in

LYJ, f)—no nontrivial finite linear combination vanishes f-a.e.

(vi) Smooth pseudo-true point: 6* € int ©; for each x € J, 6 — log fo(x) is twice contin-
wously differentiable on a neighbourhood of 0%, with |fy(z)| and |03 1og fo(z)| dominated
there by an envelope ¥(z) satisfying Ep,[¥] < oo and Er,[V?] < co (the scalar envelope
U(-) on J bears no relation to the record-resolved state Wy of Definition 4); and, writ-
ing M(0) = Eg,[log fo(J)], the pseudo-Hessian H := —M"(0*) is strictly positive and

B :=Ep, [l¢-(J)?] < .

Assumption 1 draws a deliberate line between what investors agree on and what they may

dispute. Under P the disaster measure p has compensator
v(dt,dx) = \*dt F;(dx), (2)

the arrival rate A\*dt times the size law F;(dz). Investors share the drift pg, the diffusion
o, and the support J, and agree that disasters arrive as a marked Poisson process; what

they dispute is the disaster law itself—both how often disasters strike and how large they

12



tend to be. The reason the line falls here is informational: the diffusion is common knowledge
because the continuous record pins it down on any interval in the high-frequency limit (Internet

Appendix ??), whereas the disaster law is learned only from the rare disasters as they accrue.

B. The disputed object and the belief rule

An investor holds one dogmatic model of the disaster process: a pair ¢ = (A, 0) consisting of an
arrival intensity A and an index 6 of the size law Fy. Both are parameters of a distribution—the
intensity of an arrival law, the index of a size law—and both are disputed. The true process
has intensity A* and size law F;; neither is known to the investor, and her held pair is tested
jointly—counts and sizes together—against its since-adoption record; the full public history

enters only through the re-selection posterior.

The held model is a point ¢ = (A, 0) in the compact parameter set ® := A x ©, with
A = [A A C (0,00) containing A\* in its interior and © C R a compact interval. Under ¢
the disaster process is a marked Poisson process with intensity A and i.i.d. marks drawn from

Fy on J, where {Fy : 0 € O} has Lebesgue densities fp satisfying Assumption 2 (Internet

Appendix ?7?).

The belief rule is the dynamic hypothesis-testing rule of Ortoleva (2012), applied to the

joint model ¢ = (A, 0); the dynamics it generates are derived in Section 4.

Definition 1 (Dynamic Ortoleva rule on the joint model): All objects are adapted to the public
filtration (F;), the P-augmentation of the natural filtration of the path C (Assumption 1). In-
vestor i has a permanent surprise threshold € € (0,1) and a prior over models: a second-order
posterior pi on the menu ®, the Bayesian update of a prior py over models by the likelihood of

the entire marked-Poisson record on [0,1],

Pi8) o< po(9) e AN T fo(k), 6= (N0), (3)

k: Tkgt
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which is Fi-measurable and accumulates on the full history. Her held model ¢;(t) € ® is
piecewise constant, equal to the mode of her posterior pi over models at her most recent adoption

date and held until the next rejection. The rule runs as follows.

Step 0 (initial model-—the best given the prior over models). At t = 0 the investor adopts the

maximum-a-posterior, model of the prior py,

¢:(0) = ¢o € argfgggpo(@’ ag =0,

the common starting model under the homogeneous start of §3.C. Write al for the most recent

adoption date up to t and 7! =t — al for the regime age.

Step 1 (the test—the since-adoption history against the held model). The held model is tested

only on the history accrued since it was adopted: the record on the window (al,t],
R, = (nj, (Jr:a;<Tp <t)), ny = Ny— Ny, (4)

its count and realized sizes, both Fi-measurable.® Under the held model ¢ = (X,0)—which
makes the disaster process a marked Poisson process of intensity A with i.i.d. marks Fp (As-
sumption 2)—a window of length A has predictive law Qpa, the law of the window record
under the held model’s own measure P?, with density (against counting measure on the count

and Lebesgue measure on the sizes)

gon(n, (z1,...,2,)) = e ()\ni')n Iy folzy) .
: — ——

count: Poisson(AA) sizes: i.i.d. Fp

Departure of the realized record from the held model is measured by the deviance—the saturated

count deviance at the empirical rate n/A plus the size log-likelihood ratio of the record against

3The record is recovered from the path by Lemma IA.1(ii), which rests only on Assumption 1 and is inde-
pendent of the rule, so the forward reference is non-circular, and the since-birth count N; enters only through
ni. Because the held model is time-homogeneous, the predictive law Q4 o below depends on the window only
through its length A = 7/, so the test window is never empty once 7} > 0.

14



its best in-family fit 0 (the size MLE on the realized sizes),

Dya(R) = Adp(% ||)\> + Zlog%, dp(a||A) = alog —a+ A,
—— k

count
size

the Poisson count deviance (with dp(0||]\) = \) plus the parametric size deviance, each non-
negative and zero only at a record the held model fits exactly. The surprise of a record is its

predictive deviance tail under Qg a,
ERi 9. A) = Qopa({R': Dy a(R') = Dya(R)}).

The held model passes the test at t iff the realized record is unsurprising, &(Ry; ¢;,77) > &' —
equivalently, iff R: lies in the mass-(1 — &') typical set, the acceptance region A, e)={R:
Dy +(R) < 1y, (g9} with Ty a(g) the (1 — e)-quantile of Dy under Qua (at atoms of D
under Qg A —the count atoms, the zero-count record included—the p-value rule & > € governs

and the closed-threshold form is its shorthand; the formal conventions precede Internet Appendiz

Definition ?77?).

Step 2 (keep, or update and re-select). As long as the held model passes, it is kept and only
the regime age advances (7} = 1). It is rejected at the first instant the record leaves the typical
set, 77 = inf{t > a' : &(Ri; ¢, 7)) < €'}, an (Fy)-stopping time. At a rejection the investor
(1) updates the prior over models on the full history —the posterior pi of (3) evaluated at that
instant—and (ii) re-selects the new model as the tie-broken mode of that posterior. Fix once
and for all the lexicographic total order < on ®: (X, 0) <X (N, 0) iff X\ < X, or A = X and
6 < 0. Let m(p) := mins argmaxyeq p(¢) denote the <-smallest mazimiser; it exists and is
unique because arg maXyeq p 5 a non-empty compact subset of the compact ® (the posterior is

continuous on ®), on which the lexicographic minimum is attained. The investor adopts

¢, = m(p)) € argrgggﬂi(aﬁ), (5)
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resets the adoption date to that instant (so ¢ restarts at 0), and returns to Step 1.1

Because the tolerance is held fized, even a correct-on-average model is rejected and re-adopted
without end (Lemma IA.2): revision is recurrent, not terminal. The second-order posterior,
updated on the full record and never reset, nonetheless concentrates the re-selected mode at the
pseudo-true ¢* (Berk, 1966), so recurrent rejection and a consolidating destination coexist—
the trigger frequentist, the re-selection Bayesian; Internet Appendix 77?7 places the rule in the
sequential-testing and learning literatures. The since-adoption window gives a held model a
fresh sample on which to fail, and the surviving record—not the current belief—organizes the

dynamics of Section 4.

C. The population, and a homogeneous start

A continuum of investors, indexed by i € [0, 1], watch the same path (1) and share everything
in it but one thing. They share the undisputed primitives of Assumption 1—the drift ug, the
diffusion o, the support J—and the menu of Assumption 2, but not the physical disaster law
(A\*, Fy), which is known to the modeler and is precisely what they learn and may dispute. The

one thing that distinguishes them is a tolerance for surprise.

Assumption 3 (One-dimensional heterogeneity; homogeneous start): Each investor i has a sur-
prise tolerance €' € (0,1); the cross-section of tolerances is the primitive (non-random) contin-
uum law G on (0, 1), with continuous and strictly increasing G, so €' is investor i’s coordinate
under G rather than an independent draw. This tolerance is her one permanent type. Att =0
all investors share a common second-order prior py = pr @ p§ on ® = A x O, a product of a
continuous prior on intensity and one on the size index, with full support and a continuously
differentiable log-density; all hold the common model ¢pg = (X, 6p) € argmaxy po(¢), differing

only in €.

4The menu ® permits re-selection in either direction in each coordinate, so no model is absorbing; since
re-selection may return a model near the incumbent, the belief-moving event is the switch ¢; # ¢;, not the
rejection itself.

16



The environment and the disputable object are now fixed: a Lucas disaster economy in which
investors share the diffusion and the occurrence of disasters but hold rival, identifiable laws
¢ = (A, 0) for the intensity and size of disasters, revised only when the rare-event record makes
the held law surprising. We now ask what such a cross-section prices, deferring to Section 4 how
otherwise-identical investors—differing only in tolerance—come to hold it and how it moves.
The object to track is the risk-neutral disaster-size law—the distribution of disaster sizes priced
into options, the empirical “investor fears” of Bollerslev and Todorov (2011). We build it in
three steps: the change-of-measure density each held model induces and the equilibrium pricing
kernel, a power-mean aggregate of those densities formed with the fized Negishi multipliers
(§3.D); and the risk-neutral disaster-size law it implies. That law, we show, is the physical law
tilted by risk aversion and by a size-belief factor in which the stochastic consumption shares
weight the held models’ likelihood ratios—a tilt that moves with the cross-section while the
physical disaster process stays fixed (§3.E). Preferences are common CRRA and disaster risk is
spanned, as in the heterogeneous-belief disaster economy of Chen et al. (2012); the departure is
that the beliefs are lazy-Ortoleva held models, not Bayesian, and the dispersion is endogenous

(Section 4).

D. The market and the pricing kernel

Each investor prices under her current held model ¢;(t—) (Definition 1); her belief is a change of
measure from the truth with density M}, the point-process likelihood ratio of Brémaud (1981,
Ch. VI) (Definition A.1).°

Assumption 4 (Market and preferences): A continuum of investors i € [0,1] have common

CRRA utility u(c) = /(1 — ), a > 0 with « # 1 (the log case o = 1 is the continuous

5Between revisions the held model is fixed and the disaster process is marked Poisson with intensity \; and size
law Fp,; globally the subjective law is a marked point process with predictable compensator \;(t—) Fp, ;) (dx) dt
(Brémaud, 1981). Because the intensity is bounded and the per-disaster ratio is continuous and strictly positive
on the compact J x ®, M is a strictly positive (F;,P)-martingale with E[M}] = 1 (Appendix A). M? is
built from the realized held-model process—the density that makes M* a P-martingale and feeds the Negishi
construction of Internet Appendix 77.
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extension u(c) = loge; the disaster results use o > 1), and common discount rate § > 0.
Markets are complete: investors trade a riskless bond, the Lucas tree (a claim to the aggregate
endowment C of Assumption 1), and a complete set of disaster-contingent (Arrow) claims
spanning the jump risk, so there is a unique common state-price density & (Cox and Huang,
1989; Karatzas et al., 1990). Budget (Negishi) multipliers ¢; > 0 satisfy fol Cfl/a di € (0,00).
(iv) Symmetric allocation. We select the symmetric, equal-Pareto-weight equilibrium: (; = (
(normalized { = 1) for every date-0 investor. The allocation is selected in consumption-share
space; we do not impose equal initial financial wealth, which is inconsistent with a common (
under heterogeneous beliefs (Remark A.1). The constant ( is fized once, independently of the
economy’s realization: the same number in any two economies compared below. This selection
1s without loss for what the wedge delivers: its form, the sign and range of its magnitude, and

its entire stationary law are invariant or robust to the Pareto weights (shown in the Internet

Appendiz); the weights fixz only which cross-section enters the kernel at a date.

The pricing weights here are stochastic consumption shares, so the share process is part of
the state: the consumption-share-weighted cross-section S; of held models, the wealth-weighted
distribution whose emergence from otherwise-identical investors and law of motion are derived

in Section 4.6

Proposition 1 (Equilibrium kernel): Under Assumptions 14, and the maintained integrability
condition that lifetime utilities and present-value budgets are finite (implied by the transversality
condition (T) of Section 5, § > supgm(S), where m(S) is the equilibrium value-growth rate
defined there), a competitive equilibrium (Definition A.2) exists and is unique; its state-price
density is

1
£t - 6_5t Ct_a Etaﬂ By = / <i_1/a (Mtl)l/a di € (07 OO)? (6)
0

6This is the complete-market, heterogeneous-belief Lucas economy of Basak (2005); Jouini and Napp (2007)
and, with disasters, Chen et al. (2012), with one difference: the pricing weights are stochastic consumption
shares, which the fixed-weight consensus of Jouini and Napp (2007)—built on exogenous diffusion beliefs—
cannot absorb.
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and the equilibrium consumption shares are
i —1/a 4y riyi/a 1
. c ) M .

sy ::—tzu7 / sydi = 1. (7)

0
The kernel’s belief factor is the multiplier-weighted %-power mean =§ of the densities, which is
not the share-weighted arithmetic mean (M), := fol sMidi (the two coincide, up to a price-
irrelevant constant, only when the cross-section is degenerate—all M} equal). Under the sym-

metric allocation (Assumption 4(iv)) ¢; = ¢ cancels from (7) and rescales (6) by a constant, so

st = (Mo ) () o

Sophisticated in the rule, priced by naive conditions. The valuation primitive is sophistication
with respect to the rule: each investor evaluates plans under the density built from her realized
revision process, her own future revisions included, so the martingale method applies without
qualification and her wealth at every revision is the equilibrium continuation value by definition.
None of that sophistication is load-bearing for prices. On every inter-revision interval the
realized path satisfies the naive Euler equation of the currently held model treated as permanent,
and those conditions, concatenated along the realized re-adoptions, support the state-price
density for every claim; what naivety alone does not pin is the consumption level at each re-solve,
which sophistication supplies—and at logarithmic utility not even that gap opens (Lemma A.1,

Appendix A). No result below rests on an investor hedging her own future revisions.

The kernel splits into an endowment term e %C;*—the representative-agent kernel of the true
Lucas economy—times a belief factor =% that the lazy beliefs contribute. The level Z; is a
fized-weight (Negishi) power mean of the densities M/; it moves not because the weights move
but because the densities do, which is what makes the priced belief object time-varying even
though every primitive is fixed. The state-dependent consumption shares s! are the marginal
pricing weights of its local dynamics—they govern the disaster jump ratio and the calm drift, not
the level. Three statistics must be kept distinct: the head-count mean held model f ®; my, the

wealth-weighted mean [ ¢;s} di, and the priced power mean Z¢; the kernel prices the last, and the
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first two are descriptive shadows. The proof (Appendix A) is the complete-market construction:
the individual static optimum (martingale method, Cox and Huang, 1989), market clearing, and

strict concavity for uniqueness.

E. The disaster-fear factor

Markets are complete, so there is a unique equivalent martingale measure Q, with density
process Z; = & exp( fg rsds)/& (r the equilibrium short rate). Since the bank account is
continuous, Z and ¢ share the same jump ratio, and the risk-neutral disaster law is fixed by

that jump ratio alone—the diffusive change of measure does not touch the size law.

Definition 2 (Risk-neutral disaster law, fear factor, and the investor-fears wedge): Let, at a

disaster of size x occurring at t,

1 . 1 ) e = 1/a
= [ siontnredi= s (M) ®)
0 0

the share-weighted aggregator whose a-th power g,(z)* is the (1/a)-power mean of the held mod-

g(x) = -t

—_
/R

J=x

els’ disaster likelihood ratios (the formulas below use g* ). The risk-neutral disaster compensator

is VO(dt, dx) = Yi(x) v(dt, dx) with Yi(x) = e*®g,(x)%, i.e.
VR(dt, dz) = N e g,(x)* dt Fy(dx). (9)

As a predictable compensator V9 is evaluated at the left limit: g, is built from the pre-jump shares
si_ above, so g;, Yy, Uy, ﬁQ enter jump compensators through their predictable t— versions, while
Sy (and gi,U;) without qualification denote the current post-jump state. At a disaster epoch
the post-jump values are the reweighted-and-relocated ones; (10)—(11) hold at every t under
this convention, compensators taking the t— versions. For instance, at a disaster time t, g;(z)

inside a compensator means the predictable g, (x), while g; in the spot law (10) is the post-jump

aggregate. Writing E¢[h] := fJ h(y) f(y) dy for expectation under the physical size law, its size
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density, intensity, and tail are

oy _ o) f(x)

J
)= Q= N E e g, ()], T () = t@ )
)=t W =NEL0r) O = [ w0

The disaster-fear factor is the risk-neutral disaster intensity U, := A\2; the frictionless bench-
mark is its correct-belief value UM := \*E;[e®!] (the value at g, = 1); and the investor-fears

wedge is the gap from the physical rate,
Up — X = X (Ef[e™ g ()] — 1).

Finally the belief multiplier is the normalized fear factor,

Ui Efleg(J)°)

[JRA E s[e~’] € (0,00),

Rt =

the e’ -weighted mean of g* relative to its correct-belief value.

Built from the pre-jump shares si_ (8), the tilt g;(-) is F;_-measurable—the predictable inte-

grand of every disaster compensator below—and carries no left-limit subscript.

Proposition 2 (The disaster-fear bridge): Under Assumptions 1—4, in the equilibrium of Propo-

stition 1:

(1) (tilted law) the risk-neutral disaster law (9)—(10) is the physical size density f tilted by the

risk-aversion factor e*® and the belief factor gi(z)®, with fear factor Uy = N\*E;[e*” g,(J)%];

(ii) (the bridge) the fear factor factorizes into a preference benchmark UR* and a belief mul-

tiplier Ky,

(11)
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(iii) (belief-driven variation) holding (c, \*, F'y) fized, UR* is constant, so
dlog U, = dlog k4, (12)

and f;@, U,, and U, are functionals of the belief aggregate g, (8) alone.

U, loads on the belief state g; and on no diffusive quantity—the exact zero volatility loading the

AFT separation reports; the mapping to the measured BT and AFT objects is in Appendix B.A.

Index options trade across maturities, and a disaster-tail claim of maturity 7 prices the expected

path of the risk-neutral disaster law over [t, ¢+ 7], not the instant alone—the forward fear factor
Fy(1) =E[Upsr | ] = U Elkeer | B, 720, (13)

the expected risk-neutral disaster intensity at horizon 7, whose origin is the bridge F;(0) =
Uy = URk,. (A maturity-7 option prices the risk-neutral forward intensity EQ[U,,, | Fi], the
option-implied forward tail risk of the affine surface literature (Andersen et al., 2015b); the
physical Fy(7) equals it at the origin and departs for 7 > 0 only by the forward-intensity risk
premium, and the survival records enter both, so the term-structure slope’s dependence on W,
below is invariant to the measure.) Away from the origin, with UR* fixed, the curve moves
with the expected forward multiplier E[x,,, | F;|—the path the cross-section is expected to
trace, the belief dynamics—so the surface relates to beliefs at every maturity, not only the
shortest. Its slope carries the survival records W, of the standing models, which S; does not
encode; the precise statement, and the proof that this record-dependence is absent for every

Markov benchmark, is Theorem 1, once the dynamics of Section 4 are in place.

We work throughout in the intensity channel: the size law is common (fy, = f), so r; = A/ A*
is z-free, the aggregate is the scalar G; = Eg,[(A/ \*)/] (Internet Appendix Corollary ??), and
the multiplier is U;/UR* = G¢. This is the object the disaster-option literature inverts, and

the setting of every quantitative result. Disagreement over the size index 6 is a transparent
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extension—the aggregator g; then carries the full joint object and the whole shape ftQ moves
with the cross-section—which we develop in closed form in the Internet Appendix; the few

statements that invoke it are flagged.

Two scope limits hold throughout: the deep disaster tail, not the frequent small jumps of the
near-the-money surface; and a multi-year contraction idealized, as in Wachter (2013); Gabaix

(2012), by an instantaneous jump.

The factorization’s invariance to the Pareto weights, and the robustness of the wedge’s sign,
range, and stationary magnitude to that allocation, are collected in the Internet Appendix;

Remark TA.2 delimits which belief processes move the factor and which make it flat.

The factorization prices any cross-section of held beliefs: the spot option-implied tail identifies
N kg, a wealth-weighted aggregate of current beliefs. Whether that aggregate prices claims
across maturities depends on whether it determines its own transition law. Section 4 shows

that it does not.

4. Belief dynamics and the continuation state

We turn the revision rule into a law of motion for the wealth-weighted cross-section of held
models. The section states three objects—the model each investor holds and tests, the hazard
at which she abandons it, and the law of motion they induce on the cross-section—and then
develops their implications. We introduce only what those statements require; the single-agent
foundation of the hazard is the companion paper’s result (Teguia, 2026), and the deadline

structure, the common-destination lemma, and the proofs are in Internet Appendix ?7.
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A. The test object, the revision hazard, and the law of motion

An investor holds one disaster law ¢ = (A, #) and tests it against her since-adoption record R
(4)—the count n! and realized sizes accumulated since she last revised, taken at regime age
7!. She keeps ¢ while that record stays unsurprising under it and abandons it for the menu’s
best alternative at a surprise; the re-selection target is the mode (5) of the public second-order
posterior p; (3), common across investors. Two facts about this object organize what follows,
stated here and established in Internet Appendix ??. First, the disaster count is informative
about the held intensity, so the test fires not only at a disaster but also in a long calm, when too
few disasters have arrived to be consistent with the held );. Second, the destination factorizes:
because both the likelihood and the common prior separate across A and @, the joint re-selection

mode splits into an intensity mode and a size mode taken separately (Lemma IA.1(iii)).

The kernel (6) and the bridge (11) aggregate held models by consumption share, so the object
the law of motion governs is their wealth-weighted distribution. Three objects now appear
together and are worth keeping distinct: the pricing state Sy, the wealth-weighted cross-section
any belief model would carry; the public posterior p;, the common destination a reviser re-selects
to; and the record-resolved state W,, the cross-section together with the survival records—the

coordinate that governs the forward surface and that S; does not encode.

Definition 3 (The pricing state): The pricing state S; is the wealth-weighted law of held models:
the probability measure on ® = A x © with fq)hdSt = fol h(gbz(t)) stdi for every bounded h.

Write X == [, AdS, = fol siXi(t) di for the wealth-weighted mean held intensity.

Wealth here is type-attached: each share s evolves along investor ¢’s own path, and S; is the
pushforward of those shares—never a weight field on ®. The projection is well posed because
relative returns are functionals of the held model alone: the calm replicator drift (A — \;)/a
and the disaster reweight r(¢;, )"/ (Internet Appendix Proposition ??), so the tilt and every
selection covariance below are defined on the held-model coordinate without reference to a state

field.
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Definition 4 (The record-resolved state and the post-disaster map): The record-resolved state
U, is the wealth-weighted law of the full per-investor state: the probability measure on ® X R X
[0,00) x (0,1) with
[, = /1 h(n(t), R, 71, &) ot di
0

for every bounded h, where (R, 7}) are the since-adoption record and regime age of Definition 1,
completed by the public posterior p,—a deterministic functional of the full public record, com-
mon across investors—whose mode is the re-selection destination ¢} = m(p;). Its held-model

marginal 1s the pricing state,

Sy = me(Wy), Ty (9, R, T, €) — .

At a disaster of size x, the post-disaster state W7 is obtained from W,_ by, in order, (a) the
share reweight st~ st _r;(x;t)Y/%/g,(x) (the tilt of (8)); (b) the record update R' — Ri®x; (c)
the test re-evaluation on the augmented record (Definition 1, Step 1; propensity (15) below); and
(d) for every triggered rejector the reset of the since-adoption record and regime age, (R, %)
(@,0), with the held model relocated to the common destination ¢f (5) when it differs—a self-

re-adoption resets the window and moves nothing.

Formally, ¥, is a finite Borel measure on the per-investor state space ¥ := ® x R x R, x (0, 1)
of tuples (¢, R, 7,¢€), with R := | | ., J" the space of finite size records—a standard Borel
space as a countable disjoint union of compacts; ¥ carries the product o-algebra, S; = w4V, is
the pushforward under the first coordinate, and every integral against W; runs over Y; S; and
U, are thus random elements of standard Borel spaces of measures, so conditioning on them

(Proposition 5) is well posed.

The public posterior is carried alongside W, because it accumulates on the entire public history
and is therefore not recovered from the since-adoption records inside ¥;. The instantaneous

risk-neutral objects Y, g(+), Uy, and fé@ see only the marginal S;; the forward-looking valuation
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of Section 5 loads on the full pair, and we write v(¥;) and Ay for v(¥y, p;) and Ay ,, displaying
p¢ only where it does analytic work—the calm boundary map of Lemma B.1 and the post-
disaster relocation (d) above. Markov, valuation, and residual statements in W, are read on

this pair throughout.

The rate at which an investor abandons her model is the revision hazard, the first passage of the
since-adoption deviance to the tolerance boundary; its calm expression: with a clean record,

rejection arrives on a schedule, the calm deadline

A*(p,e) = inf{A>0: £((0,2);¢,A) <e} < oo, (14)

the first calm length at which the zero-count record itself becomes surprising, finite for every
(¢,€) (proved with the hazard in Internet Appendix ??). At a disaster the record gains a
point and the test re-evaluates: an investor at (¢, 7,R,¢) is triggered by a size-z disaster iff

Dy (R @ x) >ry-(€), so her trigger propensity—the physical arrival rate of her rejection—is

(o, T, R;¢), 7T(¢,T,R;€):/1{D¢TR@IL‘ > re(e }f (15)
J

Internet Appendix 7?7 develops the full hazard, and the deadline of Definition 1 is its calm

expression.

Between revisions the cross-section drifts by selection (Internet Appendix Proposition ?77?); the

economics is in Internet Appendix ?7.

Proposition 3 (Law of motion of the pricing state): In the equilibrium of Proposition 1, for

every bounded h on ® the pricing state evolves by:

(i) (selection drift — continuous, calm)

d
“(h
dt< 5t)

L=t 08— hie) siao)
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(i) (calm switch flow — calm) the staggered calm-deadline revisers leave their held models and
arrive at the common destination ¢; = m(p,), the same for every investor revising at t

(Internet Appendix Lemma ?7?); aggregated, they contribute

d
%(ha St)

o /@ [1(67) = h(9)] ®" (do).

with ®3Y the calm switch flow (??7) of Internet Appendiz Lemma ?7—finite-variation,
and continuous where the calm-deadline law is atomless; on a flat deadline level set of
positive G-mass it carries a predictable finite-variation jump—the deadline dates are an-
nounced, adoption dates and types being F;-measurable coordinates of the state—, which
by Lemma B.1 leaves every traded price continuous; disaster-triggered switches are not

part of this term and enter only at (iii);

(117) (disaster jump — at disaster epochs) at a disaster of size x the state jumps in two steps—
the marginal of the post-disaster map Vi of Definition 4. First the shares reweight (Inter-

net Appendiz Proposition 77 (ii)),

~ r(o, )/ T
51(d9) = "0 Molz), (16)

St—(d¢)7 T(¢7x) = )\*f(ff)7

then every triggered switcher relocates to the common destination ¢f with record and age
reset, (R,7) — (@,0); the final Sy is the held-model marginal of the relocated record-
resolved state Wy —the relocation acts on U, not on ®. The triggered set is evaluated on
the record-resolved state W, , not on ® so S is not a partition of S, over ®, and (16)
equals Sy only when the triggered set is empty. Both steps are a single jump at the disaster

epoch, not a continuous rate; the continuous calm drift is the sum of (i) and (ii).

Under size disagreement the disaster tilt loads on S; through the aggregator

r — gi(x) = /@ <%)1/a < ,;f(%)>1/“ Sy(dob), (17)
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which by the spanning condition (Assumption 2(v)) no finite collection of linear moments of Sy

determines; the instantaneous risk-neutral law (Uy, f;Q) is therefore infinite-dimensional in S;.”

The triggered set is genuinely record-level: investors sharing a held model ¢ may carry different

(R, T,¢) and so need not trigger together.

The derivation—the deadline structure, the finiteness of the switch flow, and the price-continuity

of its predictable jumps—is in Internet Appendix 77.

B. What the law of motion implies

The three forces give the wedge its fast-in, slow-out shape. Only the disaster jump is synchronized—
all triggered switchers land on the single common mode ¢; (Internet Appendix Lemma ?7), so
the repricing is a coordinated wave rather than idiosyncratic noise—and it moves AY up at one
instant through the reweight (Internet Appendix (??7))—signed in the intensity channel, and
whenever ) is positively associated with 7(-, z)'/®; the relocation adds under the complacent-
switcher condition stated in Proposition 6. Selection and the calm switch flow are its staggered
relaxation, both pushing A\ down in calm (the switch flow under monotone-reselection)—a
finite-history regime: the condition holds once the public mode has followed the calm evi-
dence down, while in the locked stationary limit with a fearful projection the switch flow turns
non-negative and the relaxation is selection and turnover—, only as fast as the surviving dis-
agreement that selection consumes, spread across the population by the deadline dispersion.
These signs are the wave priced in Section 5.C; the equations fix only directions, while the

wedge’s magnitude waits on the stationary cross-section of Section 6.

The law of motion is not autonomous in the cross-section. The instantaneous tail reduces to

the scalar Gy in the baseline (Internet Appendix Corollary ??), but the switch flow and its

"This rules out any finite collection of linear moments; the reduction is in fact tighter—no continuous
finite-dimensional statistic of S; is sufficient for (U, f2) under size disagreement (Proposition IA.1, Internet
Appendix ??, by Brouwer’s invariance of domain). The continuity qualifier is essential: in the weak topology
P(®) is Polish, so a measurable bijection furnishes a discontinuous one-dimensional sufficient statistic.

28



destination draw on the record-resolved W,, so the forward surface depends on ¥, even where
the instantaneous tail does not—the enlargement the rest of the paper prices, and the coordinate

the term-structure test isolates.

A last implication is that the dispersion the cross-section carries is manufactured, not assumed:
investors identical in priors, data, preferences, and initial model—heterogeneous only in their

surprise tolerances—watching one path become a non-degenerate cross-section.

Proposition 4 (Endogenous emergence of disagreement): Start from the homogeneous configu-
ration of Assumption 3: at t = 0 every investor holds the common model ¢, so Sy = o4, and
Varg,(A) = 0. Disagreement is then generated by the rule, not assumed: there is a finite t > 0
with Varg,(\) > 0 in the consumption-share measure Sy of Definition 3 (a positive-G-mass split

transfers to positive Sy-mass by the absolute continuity established in the proof ) whenever either

(a) (disaster split) the first disaster T}, precedes the earliest calm deadline—so the population
is still homogeneous at T} (ST; = J¢,) and the post-disaster surprise of the updated
one-count record is the operative trigger—the rejecting cohort {e' > &(Rx,; ¢o, T)} —the
post-disaster surprise of the one-count record over (0,Ty|— is a strict subset of positive
G-mass of the population, and the common destination differs from the incumbent in

intensity, A(¢®) # A(¢o) (a size-only move, X unchanged, leaves Varg(\) = 0); or

(b) (staggered calm) the calm-deadline map € — A*(po,€) is non-constant on a positive-
G-mass set, the calm intensity mode T — \™ is strictly decreasing (Internet Appendiz
Remark ??), and the realized path stays disaster-free long enough for two positive-G-mass
threshold groups to reach their distinct deadlines (so the staggered revisions fire before a

disaster resets the count).

The section brackets the pricing question. The cross-section S; prices the spot tail (Section 3);
its transition law is not a functional of S;, because the switch flow and the disaster relocation

consult the records and tolerances that U, carries and S; does not (Proposition 3). Section 5
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derives where those additional coordinates enter equilibrium prices.

5. The pricing state across maturities

Sections 3 and 4 separate the state that prices the spot tail from the state that governs its
evolution. This section derives how that separation appears across maturities: the theorem
first, then the decomposition that organizes its empirical content, then the time series of the
wedge. Every result is state-contingent—valid for any cross-section and free of demographic

assumptions; only unconditional averages await the stationary primitive of Internet Appendix

Remark ?7?.

A. The forward tail

Proposition B.4 says the instantaneous tail is pinned by S; and the forward-looking objects are
not. The next result makes that gap operational. It locates exactly where the record-resolved
state enters the term structure of the risk-neutral tail, gives the channels their signs, and shows
the dependence is a property of the revision rule rather than of the disaster law—absent for

any Markov benchmark.

Theorem 1 (Spot sufficiency and forward insufficiency): Suppose the age structure of U, admits
a density, so the calm flow of held models reaching their deadline A*(¢p,e) (14) at t is a finite
measure ®FV (Proposition 6). The forward fear factor Fy(s) of (13) decomposes as follows. In

the intensity channel:

(i) (Level on S;.) Fy(0) = Uy = URk; is a functional of the pricing state S; alone (Proposi-

tion 2, Proposition B.4).

(ii) (Slope splits, into two history channels.) The right-hand slope at the origin decomposes

30



(iii)

into a part measurable in S; and a part measurable in U, but not in Sy,

OFF,(0) = U[=bea(S)] + X Om(S))  + Upcsw( D)) + M Oy (1)) ,

selection drift and disaster reweight: bg(St) calm re-leveling disaster-triggered re-leveling
where bse1(S¢) > 0 is the calm selection drift of (20) and O, (S:) : fj( —U;) f(z) da

the compensator of the reweight-only fear jumpboth S;-measurable—through the relevant
selection and reweight moments in general, through the scalar g; alone in the binary in-

tensity channel—. The two V,-channels are the staggered revisions: the calm flow

aBle go()) [, (r(eF, )V = r(g, J)V) 5 (do)]
Ef[eant(J)a] 7

Caw (@iw) =

non-positive under monotone-reselection; and N*Ogy(V,;), where Og, is the per-disaster,
mark-averaged relocation increment of U—so \*Og,, is the compensator of the relocations
fired at the record-dependent rate \* w(¢p, 7, R;€) (15), whose destination intensity is non-
decreasing in the disaster count (Proposition 6(ii)). Under monotone re-selection cgy < 0,
and under the complacent-switcher condition of Proposition 6 (for a > 1, or its likelihood-
ratio form) also Og, > 0; the theorem leaves both unsigned. Both ®5% and the trigger

propensity w are functionals of the record-resolved state VU, and not of its marginal S;.

(Two histories, one cross-section.) For record-resolved states Wy, W, with a common held-
model marginal myV, = wyW, = Sy, the forward curves share their level and their bg(Sy)-
slope, Fy(0) = F/(0) = Uy, they differ only through the two staggered-revision channels.
Conditional on no disaster over the horizon—uwrite F°(s) := E[Ups | Fr, Ngtrs) = 0]
for the calm-conditional curve—only the calm channel operates and the state whose calm
channel is larger in the weighted sense Csy(PFY) < o (P5Y)—for instance a dominating
deadline flow with the common destination—carries, under monotone re-selection, the
weakly steeper forward-tail decline, 9F F,"(0) < 0FF,(0); under the theorem’s two sign

conditions the channels are oppositely signed, and the net is a cross-sectional condition
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on the balance of calm-deadline prorimity against disaster-trigger propensity. The wedge
Fi(s) — F{(s) is zero at s = 0 and first order in s; its full-horizon law is Markov in U,

not autonomous in Sy (Proposition B.2).

(iv) (No Markov-state counterpart.) Replace lazy revision by any Markov benchmark—a model
whose pricing state is Markov in the current cross-section. The slope’s dependence on
survival history is a property of the revision rule, present for any disaster law and ab-
sent across the belief-sufficient Markov class—models whose pricing state is Markov in a

current belief state;

Three remarks on the statement. The forward fear factor is the expected future risk-neutral
disaster intensity at horizon s, the term structure that the deep out-of-the-money tail traces
across maturities. The compensator O, is the change in U produced by the size-x reweight
(16) of the aggregator; the sign of ¢y, under monotone re-selection is scheduled relief (Internet
Appendix Proposition ??: the calm destination intensity is non-increasing), the condition asking
that the calm destination sit weakly below every calm switcher’s held intensity. The theorem
holds in the sophisticated equilibrium and rests on none of its sophistication: the price system
is supported interval-by-interval by naive first-order conditions (Lemma A.1)—anticipation of
one’s own revisions enters consumption levels, never prices—and the record reaches the forward
curve through the realized-density representation, not through any investor’s foresight. In
part (iv), the worked instance is heterogeneous Bayesian learning of the disaster law: each
posterior is a sufficient statistic for its own future, so the wealth-weighted cross-section is itself
Markov; there is no deadline and no trigger threshold, hence neither ®* nor Oy, and 9 F;(0)
is measurable in S;. The forward curve is then pinned by the current cross-section at every
horizon (Internet Appendix TA.9); an affine latent-state model and a representative filtering
economy give the same conclusion through their own Markov states. And a benchmark that
enlarges its state with ages, clocks, or records is history-bearing by construction and outside

the class the comparison targets.
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B. The benchmark decomposition and the observable signature

Write S; for the current pricing cross-section (Definition 3) and W, for the record-resolved state
that also carries the since-adoption records, ages, and revision hazards (Definition 4), with

Sy = myV, its held-model marginal.

Proposition 5 (The benchmark decomposition: current cross-section versus survival history):
In the intensity channel, every integrable equilibrium price functional Fy admits an orthogonal

decomposition into a part carried by the current cross-section and a part carried by the survival

history,
E = Bt(St) + Ht<\11t> y Bt = E[Ft ’ St], ]E[Ht | St] = 0, (18)
——
current cross-section survival-history residual

with By a functional of Sy and the residual H, = F, — E[F} | Si| a functional of ¥, orthogonal

to St.

(1) (Instantaneous prices carry no residual.) The fear factor U; and multiplier ki, the risk-

neutral disaster law, and the short rate vy are functionals of S; alone (Proposition B.J);

for each, By = F; and H, = 0.

(i1) (Forward-looking prices carry a residual.) The price-dividend ratio v(V,), the level of the
disaster premium, and the forward fear factor Fy(s) = E[Us | Fi| at horizons s > 0 have
H, #£ 0: the price-dividend ratio and the premium level carry it at date t itself, while
the forward fear factor’s residual is zero at horizon zero and first order in s, its slope
loading on the survival-history coordinates of Wy—the calm deadline-proximity flow ®FV
and the disaster-trigger propensity w—and it is absent at horizon zero, entering at first

order (Propositions B.2 and 1).

(#i) (The residual is the lazy-revision signature.) For any Markov benchmark—a model whose

pricing state is Markov in the current cross-section, the belief-sufficient class of the Introduction—
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every forward object is a functional of that state, so H; = 0. The residual is therefore
present for any disaster law under lazy revision and absent across the belief-sufficient

Markov class.

The projection itself is generic—any conditioning state supports one; the content is where the
residual vanishes. A heterogeneous Bayesian economy is one such benchmark, because each
investor’s posterior is a sufficient statistic for her own future belief and the wealth-weighted
cross-section is therefore itself Markov; an affine latent-state specification and a representative
filtering economy are others (single-agent case: Internet Appendix IA.9). It is exactly what
the term-structure test isolates (Remark 1): conditioning on the current option state removes
Byi(S;) and leaves H;(W;)—the records carrying how, and for how long, current beliefs have

survived.

The instantaneous price objects—the short rate, the price—dividend ratio, and the disaster
premium-—are placed in this decomposition and derived in Appendix B: the short rate and the
risk-neutral tail carry no residual, while the price-dividend ratio and the premium level inherit

the survival-history residual through v(¥,).

Remark 1 (The observable signature, and what it is not). Theorem 1 yields an over-identifying
restriction on the left-tail surface, and fixes the maturity at which it bites. The level of the
surface—the short-dated risk-neutral tail—is pinned by the current cross-section S;, so once
one conditions on it the age structure is irrelevant at the short end; the dependence on survival
history enters the slope, zero at the short end and first order beyond it. The test is there-
fore a residual one: regress a forward-tail slope (a long-minus-short tail measure) on variables
proxying the two staggered-revision channels—time since the last disaster, accumulated calm
surprise, or an estimate of the distance-to-rejection A* — 7—after controlling for the current
option state (the short-dated tail block: level, volatility, skew), realized volatility, and current
skew. The rule predicts a non-zero residual loading beyond the short end—zero at horizon

zero, first order in maturity—that any Markov benchmark sets to zero. The record-resolved
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coordinate is a distribution over records, ages, and tolerances, and the three proxies span its
two named channels—calm-deadline proximity and disaster-trigger propensity—mnot the state;
a nonzero residual loading is evidence for the mechanism, while a null rejects the proxied chan-
nels rather than the class distinction itself. The class the residual rejects is belief-sufficiency;,
not every history-bearing alternative: staggered adjusters on exogenous clocks (Abel et al.,
2013; Bacchetta and van Wincoop, 2010) also escape it and would also carry a slope resid-
ual. Attributing the residual to testing rests on two signs no exogenous clock produces: calm
deadlines that shorten in the held intensity, so the fearful revise down sooner, and a disaster-
fired upward re-anchoring wave arriving together with the wealth reweight. Internet Appendix
Proposition ?? makes the comparison exact: under any record-independent clock the clock’s
enlarged state (held model, regime age, cohort age) is itself sufficient—record proxies price zero
conditional on the clock’s own full state—while under testing they price beyond even that state.
What is over-identifying is the restriction that the residual exists—absent at the short end, en-
tering at first order beyond it—mot a claim that three regressors exhaust it. The combined
unconditional slope is unsigned—the calm-deadline and disaster-trigger channels oppose—so
the signed form of the test is calm-conditional: conditional on no disaster over the window,
greater proximity of the fearful mass to its rejection deadlines lowers the forward slope. An im-
plementation: an international index-options panel—disasters are too rare in any one market—
regressing a fixed-moneyness left-tail calendar slope on a flexible short-dated surface block, the
record proxies, and their interaction with the short-dated fear level, the interaction licensed
by the deadline’s shortening in the held intensity; market and time effects absorb common
variation, and the deep-out-of-the-money calendar spreads of Remark 3 are the traded object.
The traded time-t spread prices the unconditional forward object, disaster-trigger states in-
cluded; the calm-conditional signed prediction is carried by the no-disaster subsample and the

interaction terms, not by the raw spread level.

This residual is a finer object than the raw path-dependence of the implied-volatility

surface (Guyon and Lekeufack, 2023; Andres et al., 2024), and the two must not be conflated.
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That literature regresses implied volatility on the past return path without conditioning on
the current pricing state, and finds the explanatory power strongest at short maturities and
weakening as maturity grows. In the present model that raw pattern is reproduced through S;,
which itself encodes the recent path—the short-dated tail is the tightest function of S;, while
longer maturities average over future selection and turnover that revert toward the stationary
cross-section—and it is generic: any Markov benchmark also encodes the past. The rule’s
signature is the orthogonal residual, history that still moves the forward-tail slope after the
current state is removed, which Theorem 1 shows is present under lazy revision and absent
across the Markov class. The conditioning set carries an identification assumption: in the
binary-menu intensity channel the spot tail level identifies S; exactly, so short-dated tail controls
span the Si-block; with richer menus those controls are structural filters for S; rather than
exact replacements, and the maintained assumption is that they span the S;-measurable part
of the slope—the interpretation under which residual loading on record proxies falsifies belief-

sufficiency rather than omitted current-state components.

Remark 2 (The option-implied forward object). The surface prices the risk-neutral forward tail,
F2(s). Under the kernel of Proposition 1 the Q-compensator of disasters is \*e® g, (z)* f () dz dt—
arrival intensity \Y = MNE;[e*g,(J)*] = U,_, size density the normalized (10)—an S, -
measurable tilt of arrival and size (Jacod and Shiryaev, 2003). Applying the tilt to the generator
split behind the slope decomposition of Theorem 1(ii) therefore changes only the S;-measurable
loadings: the calm flow ®§" is untouched and the trigger set is unchanged pathwise; the com-
pensator of triggered relocations integrates that set against the tilted mark law, so the numerical
propensity changes while its record dependence does not—the slope’s two staggered-revision
channels remain functionals of ¥; beyond S; under Q exactly as under P. The residual test
of Remark 1 thus applies to the option-implied forward surface itself, not only to its physical

forecast.

Corollary 1 (The priced calendar spread): Fiz 0 < s1 < sg and let Py(sy, $2) 1= E? [e* S e du N(t+51,t+32}]

be the discounted risk-neutral forward disaster count—the deep-out-of-the-money calendar tranche.
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Let P?(sy,s9) be its calm-conditional version, the same expectation conditional on no disaster
through t + sy. For record-resolved states Wy, W, with common held-model marginal Sy and com-
mon public posterior: PP — P/ is first order in sy — sy, equal to a fear-path term driven by
the calm channel of Theorem 1(iii) plus the short-rate-path term that channel induces through
(B1); both are functionals of ¥, and not of Sy, and both vanish for any benchmark whose pricing
state is Markov in the current belief cross-section. The unconditional difference P, — P} adds

the disaster-triggered channel through the state at t + s;.

The short-rate path enters the spread through the same record channel and vanishes with it

across the benchmark class; its calibrated magnitude is reported in Internet Appendix ?77.

The theorem’s prediction thus attaches to the priced object itself, not only to its physical

forecast; the proof, in Appendix B, couples the two economies as in part (iii) of the theorem.

Remark 3 (From counts to puts). The tranche P;(sq,ss) prices the forward disaster count;
the traded instruments are deep-out-of-the-money put calendar spreads, which filter arrivals
through sizes and discounting (Backus et al., 2011; Andersen et al., 2015b). The step between
the two adds one further record coordinate: the valuation jump. To the corollary’s order—first
order in the tranche width, where a single arrival matters and diffusive exercise over the tranche
is negligible at deep-out-of-the-money strikes—a put calendar spread at fixed moneyness is the
discounted forward integral of a per-arrival value against the mark-resolved compensator. The
compensator factorizes at each instant into the arrival scale U,_ and the size law f& of (10), a
functional of g, and hence S,_-measurable (Proposition 2(iii)); for a put written on the index,
the arrival’s intrinsic payof is set by the price jump e~ 1, _(z), 1, (x) = v(VZ_)/v(¥,_), so the
value flow is U, h(S,_;,—), the moneyness loading carrying the valuation-jump ratio—itself
record-dependent (Proposition B.2). The record therefore enters a traded put spread through
two channels: the calm-conditional path of (U,, S,,r,) that Theorem 1 characterizes—=zero at
the origin, first order beyond it—and the valuation jump 1, present already in the level (the

price—dividend witness) and moving with the record thereafter. The second channel strengthens
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the record’s imprint, at the cost that A is no longer S-measurable for index puts; it is exactly
S-measurable for consumption-linked payoffs, and the binary-channel reading—~h constant, the
spread a constant multiple of the count tranche—is the frozen-1) approximation. The residual
test of Remark 1 applies to traded put calendar spreads with this reading: the short-dated
controls absorb the size loading and the frozen-v level, the record’s imprint rides the arrival-
and-state path together with the valuation-jump channel, and the exact-1 level component is

itself record content, picked up by the level diagnostic of Section 5.D.

The mapping from the model’s objects to the measured ones—the BT wedge, the AFT tail

factor, the calendar tranche—is completed in Appendix B.A.

C. The time series of the wedge

A disaster is an impulse; this subsection traces the response of the priced objects assembled
above. The engine is market selection on the realized path (Sandroni, 2000; Blume and Easley,
2006; Yan, 2008; Kogan et al., 2006, 2017): a disaster vindicates the fearful at a stroke, the
ensuing calm vindicates the complacent only gradually, and the result is a fast jump and a slow,
staggered relaxation (Andersen et al., 2015b). Throughout we keep the descriptive mean belief
A = [, ASi(dg) distinct from the priced fear factor Uy: the kernel prices the power mean, not

the mean (Section 3).

Proposition 6 (Disaster jump and calm erosion): In the equilibrium of Proposition 1, with Varg,

and Covg, the variance and covariance under Sy:

(1) (Calm erosion — exact, both calm channels.) Between disasters the wealth-weighted mean
belief moves continuously away from the predictable deadline atoms (the flat-level-set case

of Internet Appendix Lemma ?7); the displayed law is the atomless-flow component, by
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selection and the calm switch flow,

\S
% = —é Varg, (A) + / ()\(Qﬁ) - /\) O (do),
— ‘I)

selection <0 ~ o

~
calm switch flow (signed below)

and, for any bounded h, %(h,S;) = —XCovg, (A h) + [,[h(¢]) — h()] ;¥(dg). On
the disaster-free-since-adoption part of the switch set the destination intensity is non-
increasing (scheduled relief, Internet Appendiz Proposition 7?; the calm MAP of Internet
Appendiz Lemma 77 falls within a calm spell), so AN(¢F) < X and the switch-flow term

is non-positive there. Call \(¢;) < A on the full switch set the monotone-reselection

condition.

(i1) (Disaster jump — intensity channel.) At a disaster of size x the cross-section reweights

by (16); the reweight alone raises the mean belief by

. 1/a
Covs (M r(n) %) - (19)

NS =
! = ESt— [T(', m)l/a] B

> 0 in the intensity channel (fg = f, r(¢,x) = A\/X*) and strict if Varg, (\) > 0; the
triggered switchers (Internet Appendixz Lemma ?7) relocate to the common post-disaster
mode ¢f, whose intensity coordinate is non-decreasing in the disaster count (proved by
revealed preference in the appendiz). Their contribution to the jump is computed under the
post-reweight switcher measure (the disaster updates in the order reweight-then-relocate of
Definition 4), AN |switen = S5 (M}) — K:W), where SV and iiw are the switchers’ mass
and mean intensity after the r(-, x)"* reweight; call \(¢}) > i:w the complacent-switcher

condition.

(11i) (The priced fear factor inherits the pattern — intensity channel.) Through the bridge
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relation (12), in calm U drifts down,

aJ a—1 . 1/a
dlogU; __ E{egi)™ Covs(0r(. M) _ (20)
dt E e’ gi ()]

the selection part of the calm drift, strict if Varg,(A\) > 0. On a switch-active instant the
calm switch flow of (i) adds a further term proportional to Ey[e®” g,(J)** [, (r(¢f, J)/* —
r(¢, J)V/*) @5 (dp)], non-positive under monotone re-selection in the likelihood-ratio sense—
r(¢7,-) < r(p,-) on the switch set, which in the intensity channel is the condition of (i);
Uy jumps up at a disaster with the reweighted aggregator—the reweight-only component
of (ii); the triggered relocation adds under the complacent-switcher condition there, for
a > 1 (in its likelihood-ratio form for all o). The signs hold in the intensity channel and,

generally, whenever \ and r(-, x)l/"‘ are positively associated across the cross-section.

(iv) (Staggered recovery.) The calm decay runs until the next disaster or the calm deadlines
A*(¢,e) (14), at which revisers re-select a held model that Internet Appendiz Lemma 77
makes non-increasing on the disaster-free-since-adoption part of the switch set (or under
the monotone-reselection condition)—a predictable step, weakly downward there. By Inter-
net Appendiz Proposition 77 the deadlines are weakly ordered in € and differ wherever the
deadline map is non-constant, so the steps are staggered across that part of the population

over a horizon set by A*,

The response is fast in (the instantaneous jump of (ii)) and slow out (the drift of (i),(iii) plus
staggered deadline steps). In the decomposition of Proposition 5 the fast-in reweight (19)
and the selection drift (20) are the cross-section part B;(S;), while the calm switch flow &5,
the disaster-triggered relocation, and the deadline-timed steps A*(¢, ) load on the survival-
history residual H;(V;)—the centered channels of Proposition 5, the raw flows net of their
Si-conditional mean. The staggered, record-timed part of the slow-out—switch flow, triggered
relocations, deadline steps, net of their S;-conditional mean—is the residual, while the smooth

selection drift is cross-section part, which a Markov-in-cross-section benchmark also carries:

40



such a benchmark reweights and drifts but has no deadlines and no triggers, so it carries the
fast-in and the smooth drift, not the staggered slow-out (Internet Appendix IA.9). The item-

by-item discussion is in Internet Appendix ?77.

What the record does and does not price—fragility priced while forecasting no fundamen-
tal, the dissociation claimed in either channel, the finite-dimensionality claim only under size

disagreement—is discussed in Internet Appendix ?77.

D. From the theorem to an empirical test

Existing option evidence establishes that the priced tail is time-varying, persistent, economically
consequential, and related to the past path (Bollerslev and Todorov, 2011; Andersen et al.,
2015a; Guyon and Lekeufack, 2023). None of it distinguishes a persistent Markov fear state
from a current state whose transition law also depends on surviving records. The distinguishing
test asks whether path-based record proxies forecast the forward-tail slope after a sufficiently

rich control for the current option state.

The ingredients are these. The observed object is the risk-neutral forward tail of Remark 2:
writing ﬁt(T) for a model-free option-implied tail measure at maturity 7, the outcome is a
slope A, = (7}(7'1) — ﬁt(Tg), 71 > 19. The control is a rich vector X;P°* of current-surface
measurements—the shortest-maturity tail intensity, implied variance, skew, jump variation,
short-maturity surface factors—with no claim that a single spot intensity spans S;; the span-
ning of Remark 1 is maintained, not primitive. The record proxies Z;*° enter in a hierar-
chy: time since the last disaster (observable, the headline proxy), accumulated calm surprise
over a window (a model-guided reconstruction from an inferred intensity, not a measurement),
and deadline-proximity mass (structural, recoverable only from an estimated belief block—
reconstructions that inherit the dark-matter critique the path-read proxy escapes). The re-
striction is

At — f(XtSpot) + BTZ;eC + £s.
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First, 8 # 0 rejects belief sufficiency jointly with the maintained spanning of the controls—not,
by itself, the mechanism. Second, attribution to testing rests on the two signs of Remark 1:
at a fixed spot state, greater deadline proximity predicts a more downward slope, and dates
shortly after a disaster differ from same-spot-tail dates in a direction set by time since the
event. Finally, the model’s loading is state-dependent rather than globally monotone—the
reset wedge changes sign across the fear cycle (Figure 3, panel B)—so a linear coefficient on
time since disaster can vanish under the true model, and a null is informative only when
the spot controls are demonstrably rich. A within-design falsification disciplines the spanning
burden: by Proposition 5(i) the level is Si-measurable, so the same regression run on the spot
tail rather than the slope must assign the record proxies no weight—a record loading in the
level equation diagnoses control insufficiency, not the mechanism—while an omitted current-
state moment biases both equations, and the theory’s fingerprint is the contrast, zero at the
origin and first order in maturity. In the calibrated intensity channel the omitted-moment
exposure is degenerate, the spot tail itself spanning S;; it lives where the state is infinite-
dimensional, the size channel of Proposition 3. Two scope notes close the mapping. The
quantitative exhibits of Section 6 isolate the calm-conditional component of the slope, the
deadline channel in its cleanest form; traded calendar spreads load on the combined object—
deadline and trigger channels under the risk-neutral law—which the theorem covers and the
exhibits do not separately quantify. And the testing rule transfers to a crash-frequency clock
or an international panel, while the macro-disaster calibration does not automatically transfer

with it.

6. The wedge and the option-tail evidence

The event study of Section 5.C and any unconditional moment presuppose a stationary cross-
section, which the present primitives do not supply: posterior consistency drives an infinitely-

lived investor’s held model to the Kullback—Leibler point ¢* and the dispersion dies out (Internet
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Appendix Remark ??). We add the one primitive that sustains it—demographic turnover—
prove stationarity, and cast the quantitative content as comparative statics: physical and pref-
erence parameters from the macro-disaster literature, the belief block pinned in Section 6.B to

a few stylized option-tail targets.

We restore a nondegenerate stationary cross-section with the device the rare-disaster literature
uses for the purpose: a standard demographic turnover, perpetual-youth overlapping generations
with fair annuities (Yaari, 1965; Blanchard, 1985; Garleanu and Panageas, 2015). Each investor
faces a constant death hazard €2 > 0; newborns arrive at the same rate, drawn from a fixed type
law II over (e, ¢p) with ¢p-marginal II,, and enter holding their drawn model with a reset test
clock while inheriting the common public posterior. Because young cohorts hold ¢ and have not
yet revised, turnover continually replenishes the disagreement that selection consumes—not only
a stationarity device but a continuing source of disagreement, testing governing persistence and
revision while the newborn law supplies the variation. We state the primitive as Assumption 7?7
(Internet Appendix) and specialize to a finite menu ® = {¢y,..., ¢k} for the stationary and
quantitative exercise; the assumption, the equilibrium it defines, and all proofs are in Internet

Appendix ?7.

Two results carry the economy of Sections 3-5 into this stationary world, and the quantita-
tive exercise needs only their conclusions. First, the kernel keeps its form (Internet Appendix
Proposition ?77): with fair annuities the death hazard cancels from every survivor’s Euler equa-
tion and enters only through the composition of the living, so & = e™°'C; “E% holds over the
living cross-section, the short rate (B1) is unchanged—Ilevel and all—and turnover acts only
by adding a mean-reversion of the cross-section toward the newborn law II4 at rate Q. Ev-
ery instantaneous pricing relation of Section 5 therefore transfers verbatim, evaluated at the
turnover-stationary Sy, while the forward-looking valuation keeps its form with the cross-section
dynamics augmented by this mean-reversion. Second, that cross-section is stationary (Internet
Appendix Proposition ?7): in the limiting regime where the common posterior has concen-

trated (MAP(p;) = ¢*, so the re-selection destination is calendar-invariant), a finite menu and
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a constant inflow of fresh types make S; a time-homogeneous functional of a stationary, ergodic
disaster clock, with a unique nondegenerate stationary law whose unconditional moments equal

long-run time averages.

The quantitative message turns on two summary properties of the stationary cross-section. The
stationary dispersion—and through Proposition 6 the amplitude of the fear wave—is governed
by the newborn joint law II-—birth models and tolerances, through the tolerance-dependent
revision hazards—and the turnover rate €2: more dispersed births leave more disagreement,
and (2 sets how fast fresh cohorts replace the selected cross-section. Whether the stationary
cross-section is on average complacent—the level statement we take to the option evidence

below—is likewise a parameter condition on IIy, not a consequence of the primitives.

Sensitivity of the cycle to the belief block—newborn dispersion, demographic turnover, menu

coarseness—is developed in Internet Appendix 77.

A. Parameters and quantitative message

We discipline the physical and preference parameters with the macro-disaster evidence and hold
them fixed throughout; the belief block (II, ®) is not separately observed, since disaggregated
disagreement data on the disaster intensity priced into options do not exist—though firm-level
surveys of subjective macroeconomic disaster beliefs document exactly the wide dispersion and
repeated revision the mechanism produces (Menkhoff, 2025). We use it two complementary
ways. The comparative statics below vary the belief dispersion to trace the mechanism, using
the option numbers only as a reference, not as inputs. The calibration of Section 6.B instead
pins the belief block to two stylized option-tail targets (Section 6.B); this is an illustrative
consistency check—whether one mechanism, its parameters in economically distinct primary
roles, can span the option-tail evidence—mnot a fit to the option surface and not an out-of-
sample prediction. It establishes plausibility, not identification: the mechanism’s falsifiable

content is not the fit but the residual restriction of Theorem 1, which no Markov-in-cross-
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section benchmark satisfies and which the calibration neither presupposes nor exhausts. No

survey data enter.

Block Parameter Value Source

Physical disaster intensity A* 0.03/yr Barro and Urstia
(2008), consumption
disasters (10%)

mean disaster size E¢[b] 0.21 Barro and Ursta
(2008)

size law f power law Barro and Jin (2011)
(v~ 7.2,
bnin = 0.10)

trend, diffusion (po,0)  0.025/yr, Barro (2006); Barro
0.02/,/yr and Ursia (2008)

Preferences  risk aversion « 3.5 Barro (2006); Barro

and Ursta (2008)
(equity premium)

discount & 0.03/yr standard
Demography death hazard €2 0.02/yr (50-yr Blanchard (1985);
horizon) Garleanu and
Panageas (2015)
Beliefs (free) menu {\j, Ani} varied; comparative statics
{0.01,0.06} in vs. Section 6.B
the
option-evidence
calibration
newborn law II varied; 90% comparative statics
complacent in vs. Section 6.B
the
option-evidence
calibration

Table I: Parameters. The physical and preference blocks are disciplined by the macro-disaster
literature; the belief block is illustrative and varied. Disaster sizes are consumption contractions
for the unlevered tree; for comparison Barro (2006) report A\* ~ 0.017/yr at a 15% GDP
threshold with mean size 0.29. At the calibrated physical size law and risk aversion—menu-free
objects—the kernel inputs evaluate to E[e®’] = 2.82 and the representative-agent fear factor
to URA = 0.085/yr; the newborn belief block draws the model 90/10 complacent /fearful and
the tolerance from a grid on (0.01,0.90) with one third of its mass below 0.12.

Before beliefs enter, risk aversion alone inflates the disaster-state pricing: a single contraction
of size b carries the kernel weight e*/ with J = —log(1 — b). At a = 3.5 this multiplier is 1.4
at b = 0.10, 2.3 at the Barro-Urstia mean b = 0.21, 3.3 at b = 0.29, and 6.0 at b = 0.40; the

power-law tail (Barro and Jin, 2011) pushes the f-average E;[e*’] above the value at the mean
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size.® The representative-agent fear factor is UR* = A\*E;[e®’]: physical disasters of frequency
3% are priced as if several times more frequent. This effect is the standard rare-disaster channel;

our contribution is what the belief cross-section does to it.

The belief cross-section moves the risk-neutral tail several-fold. Under the binary menu, the fear
factor is Uy = G URA with Gy = SP (A /A + (1 —SM) (N, / X))/ (Internet Appendix (?7)).
With the illustrative {\,, Api} = {0.01,0.06} around \* = 0.03,” the ratio U;/UR* runs from
0.33 when the cross-section is fully complacent (S" = 0) to 2.0 when fully fearful (S" = 1),
passing through 0.91 at S" = %: across the menu’s admissible support the belief multiplier
ranges six-fold, above and below the representative-agent benchmark, with no change in any
physical parameter; the stationary law of S™ occupies a narrower endogenous subset, reported
below. The long-run re-selection destination under this misspecified menu is the fearful point
(footnote above): calm complacency in the stationary economy is sustained by the complacent
newborn inflow and by selection, not by learning toward a low intensity—the regime discussion
of Internet Appendix ?7?7. The state-insufficiency theorem does not depend on this configuration;
the calibrated cycle does, and a menu containing the truth is a different economy, not reported
here. Within the cycle the configuration’s reach is one place deep: trigger synchronization
and deadline staggering are the rule’s, operating under any destination—the locked-destination
regime of Internet Appendix ?? confirms both—while the level of calm complacency and its

replenishment belong to the menu-and-turnover pair.

The same multiplier, written for a general cross-section in the intensity channel (Internet Ap-
pendix Corollary ?7?), is U;/UR = G¢ with G; = Eg,[(A/A\*)/*] (Internet Appendix (?7)).

Replacing the two-point menu by a continuum of held intensities filling [A;,, Ap;] = [0.01,0.06]

8The power-law parameters describe the Barro and Jin (2011) law of the gross contraction z = 1/(1—b) = e’

(v = 7.2, Zmin = 1/(1 — 0.10) = 1.11), not a Pareto on b. Under it E¢[b] = 1 —v/[(y + 1)zmin] = 0.21 (the
Barro-Ursda mean) and Ef[e®’] = E[2] = vz2,,/(7 — @) ~ 2.82 are jointly delivered; a Pareto on b would
imply a smaller mean (about 0.12) and is not what is used.

9The two-point menu is deliberately misspecified: A* = 0.03 lies outside {0.01,0.06}. No held point is correct;
the consistency results, which identify the destination as the menu’s Kullback—Leibler projection, apply through
that projection: 7(0.01) = 0.0130 > T7'(0.06) = 0.0092, so the projection is A; and the locked destination is the
fearful point. The multiplier passage in the text is the pricing identity evaluated pointwise in the fearful share
s; under the stationary law of s it inherits that law, with no learning input beyond it.
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and varying the shape of the cross-section gives, at a = 3.5, \* = 0.03, the illustrative values:

cross-section of held A mean belief ¥  multiplier U; /URA
Beta(2,5), complacent-skewed 0.024 0.78
Uniform[0.01, 0.06] 0.035 1.09
Beta(2,2), symmetric 0.035 1.12
Beta(5, 2), fearful-skewed 0.046 1.51
Beta(8,2), very fearful 0.050 1.66

The continuum fills the interval [A,,/A*, A\pi/A*] = [0.33,2.0] between the binary extremes; in
the intensity channel it does not raise that ceiling (the ceiling-lift of Remark TA.1 is a size-
channel statement), but it makes the multiplier a smooth, dispersion-sensitive functional of the
cross-section. These Beta cross-sections are illustrative instantaneous evaluations of the general
intensity-channel multiplier (Internet Appendix Corollary ?7?); they are not stationary laws of
the turnover economy, whose stationarity theorem (Internet Appendix Proposition ?7?) is stated
under the finite menu. That sensitivity is exact: since & > 1 and y — y'/® is strictly concave,

Jensen’s inequality applied to A/A\* under S; gives

e = 67 = (Es[(VX))" <

A

F? (21)

with equality iff the held intensity is S;-a.s. constant. The consequences—calm complacency
at a correct-on-average cross-section, the shortfall growing in dispersion and risk aversion—are

developed in Internet Appendix 77.

Selection is slow relative to disasters. The selection part of the calm erosion of Proposition 6(i),
dX¥/dt|se = —L Varg()), reallocates wealth at the rate L(\,; — \,) ~ 0.014/yr—the decay of
the high-to-low wealth odds, an e-folding of about 70 years (a heuristic scale; the full relaxation
also carries the calm switch flow and demographic turnover). Disasters recur every 1/\* = 33
years and cohorts turn over every 1/Q =~ 50 years. Selection alone is too slow to eliminate fearful

wealth between typical disasters; the actual stationary relaxation additionally reflects deadline-
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driven switching and turnover. The stationary cross-section therefore carries a persistently
positive, fluctuating fear share, and with it a non-degenerate, time-varying disaster premium—
the model counterpart of the chronic equity premium and the slow post-crisis reversion of the

tail factor (Andersen et al., 2015b).

The magnitudes reconcile two option facts that look opposed: the same multiplier U, /URA =
G¢—Dbelow one in calm, above one after disasters—carries the economy between the modest
option-implied disasters Backus et al. (2011) document and the large, spiking tail premium
of Bollerslev and Todorov (2011) and Andersen et al. (2015b): the literatures measure it at
different points of the fear cycle, against different anchors, and are not in conflict. The coun-
tercyclical, below-macro prediction is about the inverted intensity A\*k;, not the raw U;, which

carries the risk-aversion premium E;[e*’] on top.

B. Confronting the option-tail evidence

The closed-form objects above line up, one for one, with three model-free option-tail literatures,
so the model can be taken to that evidence without estimating the belief process. We hold the
physical block at its macro-disaster calibration (Table I), which delivers the representative-agent
benchmark URA = N\E;[e*/] = 0.085/yr in closed form, and pin the belief block—newborn
dispersion and disaster-trigger mass—to two stylized targets drawn from that evidence—the
crisis jump, matched inside the documented band, and the calm moderation x; < 1, matched in
deep calm though not at the literature’s point level (first row of the table); the post-crisis half-life
is generated by the deadline and turnover blocks and reported as an achieved moment. Matching
the level and crisis facts places the calibrated economy in an empirically relevant region; it
does not identify lazy revision—only the forward-record residual of Section 5.D does. The
parameters have economically distinct primary roles: the newborn model shares chiefly govern
the calm composition of x;, and the low-threshold mass chiefly governs the immediate disaster-

trigger response. The pinned block, in the intensity channel: the binary menu {0.01,0.06},
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a newborn law 90% complacent, and tolerances on a two-block grid on (0.01,0.90) with a
third of the mass below 0.12—the disaster-trigger dial. Along realized disaster records the
resulting deterministic transport reaches crisis spikes of U;/A\* ~ 4.5-4.8, inside the 3.2-4.8
crisis range, with x; traversing the benchmark over the cycle and dipping to 0.53-0.63 in deep
calm. The intensity rows of Table II are closed-form implications of the fear factor U, = UR*k,
(11) and the finite-menu reduction of Internet Appendix Corollary ??; the premium rows are
structural consequences—the dominance of the disaster over the diffusive premium and the
loading of the premium on U; rather than o—that additionally involve the price-dividend
jump ratio vy, a Feynman—Kac functional of the full record-resolved state rather than a closed
form (Proposition B.2), and follow from its qualitative behavior rather than a solved level, as

the row notes below record.

The three anchors map directly (Table II): Backus et al. (2011)’s modest option-implied
disaster law is x; < 1 in deep calm, the option-implied intensity falling below UR* as the quiet
record accumulates; Bollerslev and Todorov (2011)’s time-varying fear premium is U; > A\* on
average, with the disaster premium nearly the whole equity premium since the diffusive ao?
is negligible; and Andersen et al. (2015b,a)’s unspanned, persistent, premium-forecasting tail

factor is Ky, which jumps at disasters, erodes slowly in calm (20), and enters the premium

through U; while o is held fixed.

Two rows are structural rather than calibrated. The diffusive premium is mechanically small
and fixed: ao? = 0.14%/yr at the Table I diffusion, so by (B27) the disaster premium DRP,
accounts for essentially all of the equity premium wherever it is sizable relative to that part, as at
the calibration; the share itself is not belief-free, since the level of DRP; moves with ¢, and the
full pricing state. The predict-the-premium-not-volatility pattern is an identity in this model:
DRP; loads on U; (B28) while o is constant, so the fear factor forecasts the premium with
a nonzero loading and volatility forecasts it with exactly zero—the Andersen et al. (2015b)
separation, an exact zero loading in the model (¢ constant) rather than a fitted coefficient.

Two of the remaining rows—the crisis jump and the calm moderation—are the calibrated
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targets: the jump matched inside the documented band, the moderation matched in deep calm
though not at the literature’s point level; the half-life is an achieved moment, generated by
the deadline and turnover blocks and reported for comparison. The row is measured on the
computed record, peak to halfway back to the pre-disaster level. Its channel decomposition
at this calibration: the selection drift (20) contributes about 0.5% per year—a log rate of
decline of Uy, as are the rates below—(on its own a half-life above a century—the reason no
free relaxation-rate parameter exists to tune), the demographic pull roughly 0.7-1.6%, and
the staggered deadline flow the remainder—operative once the public mode has returned to
the complacent point, about seven years after a disaster on this record: immediately after a
disaster the finite-history mode sits at the fearful point, so calm deadlines re-anchor upward
or re-adopt, and the monotone-reselection condition holds only once the mode has followed
the calm evidence down. Persistence is generated by the revision architecture, not by a free
relaxation-rate parameter. All are stylized: published estimates vary with sample and method,

so we match orders of magnitude, not point values.

This is a disciplined confrontation, not a structural estimation: we show that the closed-form
fear factor is consistent with the published model-free moments, not that the belief process
is identified by them. The one feature the belief block cannot repair is the safe rate. Under
power utility the safe rate sits at the high CRRA level (Section 6.A)—its realized dynamics
are modest, but the level is the standard risk-free-rate artifact at a = 3.5; that is a preference
limitation, removed only by an Epstein—Zin extension, and not something the belief calibration

can absorb.

Remark 4 (What power utility buys, and what is specific to it). Power utility does two things
at once. It makes the factorization U; = UR*k; (Proposition 2) ezact, and it makes the
level /slope dissociation clean: the kernel’s disaster jump ratio is e**g;(x)®, which depends only
on the current cross-section, so the instantaneous tail is a functional of .S; alone and within the
implied disaster tail the record W, enters only the forward surface—the price—dividend level,

the valuation jump 1, and the disaster-premium level do load on ¥, (Proposition B.2); the
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dissociation is level-versus-slope of the tail— (Proposition B.4, Theorem 1). Both are specific
to the class: an Epstein—Zin kernel carries the valuation-ratio jump ¢, = v(¥7)/v(¥, ), a
functional of the full ¥, (Proposition B.2), so under it the record would move the instantaneous
tail as well and the level would no longer pin S;. The two implications cut opposite ways. The
record’s economic role is preference-robust—indeed stronger under Epstein—Zin, where it moves
the level as well as the slope—so the priced market-memory coordinate (Internet Appendix ?7?)
is not an artifact of power utility. But the clean separation that makes the restriction sharp—
level on S}, residual slope on ¥, isolated by conditioning on the current tail—is CRRA-specific,
and a recursive-utility version would demand a different empirical design, since conditioning
on the current tail would then partial out part of the record itself. Power utility is thus the
tractable window through which the record’s imprint is cleanly visible, at the cost of a safe-rate

level at the high-« artifact of the class, removable only by that same extension.

The procyclical physical tail of Gormsen and Jensen (2025) runs the other way and is reconciled

with the countercyclical priced tail in Internet Appendix 77.

C. The forward slope across records

The theorem’s forward content has so far been carried by a constructed pair; this subsection
reports it across records the calibrated economy generates along realized histories: finite-history
economies from the calibrated initial condition, the public-mode path alive—the cycle of this
section, not draws from the locked-destination invariant law (that regime is reported in Internet
Appendix ??7). We simulate one hundred fifty such sixty-year histories—disasters at the physical
rate, the rule, selection, turnover—and at each terminal date evaluate the calm-conditional
forward tail F,2(s)/U together with a reset-record counterfactual that holds the cross-section
of held models, wealth shares, tolerances, and the public posterior fixed and resets only the
since-adoption records. The sharpest near-match is the theorem’s construction realized: among

pairs within 0.02 of one another in the spot fearful share S"—which spans the spot state in
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the binary channel—the largest twelve-year slope gap separates two histories 0.001 apart: 5.8
percentage points, twenty-two percent of the steeper curve’s twelve-year decline, at two and
twenty years since the last disaster (Figure 3, panel A: the pair in bold against the twenty-
nine records of a narrow comparison window, S € [0.55,0.70), inside the post-disaster band).
Across the 103 near-matched pairs the slope gaps have median 2.1, ninetieth percentile 5.0, and

maximum 5.8 percentage points.

The typical magnitude is smaller. Across sampled histories the record wedge—[ Freset — [ractual] / preset
at twelve years, the reset-record counterfactual against the path as realized—concentrates
within a few percent: median 1.1 in deep calm, where little fearful mass remains to re-anchor;
either sign after recent disasters, median —1.3; and the constructed 16.2 of Figure 2 (starred,
panel B) is a calibrated ceiling in a moderate-fear transient that fixed-date sampling of these
finite histories rarely delivers, not a typical sampled magnitude. The negative post-disaster
wedges have a timing interpretation: reset clocks, all synchronized at t*, deliver their first revi-
sion wave after the public mode has relaxed to the complacent point, while the realized clocks
spend part of theirs in the earlier window where re-selection returns the fearful model—the

same opposition that leaves the unconditional slope unsigned (Internet Appendix ?7).

What the record organizes is the residual. Within each pre-specified region we regress the
twelve-year slope on S, linearly; adding time since the last disaster raises the model-implied
R?%, computed from the sampled histories, from 0.64 to 0.92 after disasters (n = 75), and moving
it from its within-band twenty-fifth to seventy-fifth percentile—six to twenty-five years—raises
the forward-to-spot ratio by 5.3 percentage points at fixed S"; adding deadline-proximity mass
raises the calm-band R? from 0.87 to 0.99 (n = 73), the proximity sign negative as Remark 1
predicts (Table III; Internet Appendix ??). At the surface, and conditional on the short-
dated block throughout: long-maturity tail claims contain variation beyond what the short
end implies—related to the excess sensitivity of long-duration claims emphasized by Giglio and
Kelly (2018)—and the pace at which a post-crisis inversion of the tail term structure unwinds

is timed by the crisis’s age, a coordinate a belief-sufficient account leaves redundant given the
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level. The record wedge is usually a few percent; conditional on the spot state, it organizes a

large share of the calm-conditional forward slope’s variation.

7. Conclusion

The spot disaster tail recovers a wealth-weighted belief aggregate rather than the physical
disaster law, and that aggregate is not the complete pricing state. The kernel prices the power
mean of beliefs, which sits below the arithmetic mean, so a cross-section correct on average
prices the option tail below the representative-agent benchmark in calm and reprices it upward
in coordinated jumps when a disaster proves the fearful right (Propositions 2, 6); demographic
turnover makes the cycle stationary (Internet Appendix Propositions 7?7, ??). The surface
therefore measures beliefs over a fixed quantity of disaster risk—reconciling the modest average
tails of Backus et al. (2011) with the spiking risk-neutral tails of Bollerslev and Todorov (2011)
and Andersen et al. (2015b) as one belief cycle—and leaves the over-identifying mark: because
a held belief is not a sufficient statistic for its own revision, the forward surface is priced off
the records under which current beliefs have survived, and record proxies forecast it even after
the contemporaneous option state is controlled for—a residual any belief-sufficient model sets
to zero (Proposition 5), the deadline and crash signs of Remark 1 separating testing from other
history-bearing accounts. The spot surface reads what the market fears; the term structure,

how long it has feared it.

The limitations are explicit. CRRA preferences fix the safe-rate level at the high-a artifact of
the class and let the belief cycle move it over a wide range (quantified in Internet Appendix ?7?),
and the same choice confines the record to the forward surface, so the clean level/slope sep-
aration behind the residual test is itself specific to power utility; the disaster-dynamics signs
are intensity-channel results under a positive-association condition we flag rather than assume;
and the belief block is calibrated against option-tail moments rather than estimated, since dis-

agreement data on the disaster intensity priced into options do not exist—though surveyed
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disaster beliefs display the dispersion and revision the mechanism produces (Menkhoff, 2025).
The empirical implication is accordingly conditional: after a sufficiently rich control for the
current option state, path-based proxies for surviving records should forecast the disaster-tail
slope; a nonzero residual rejects belief sufficiency jointly with that spanning condition, and the
deadline and disaster-trigger signs separate testing from other history-bearing accounts (Sec-
tion 5.D). The gap between the priced tail and the physical return tail (Gormsen and Jensen,
2025) remains the far side of the same wedge, posed here and not settled. Across maturities,
options reveal not only the disaster beliefs investors currently price but the revision process
attached to them. What the wedge between the option surface and the macroeconomic record

measures, throughout, is not a mismeasurement of either, but the price of disaster fear.

Appendices A and B below collect the proofs of the equilibrium kernel, the bridge, and the
pricing results. Appendices C—K, constituting the Internet Appendix to this paper (available
online), collect the remaining proofs, the demographic and stationary constructions, the quan-
titative development, and the discussion sections; appendix lettering and result numbering are

continuous across the two documents, and cross-references resolve in both directions.
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Notation

Primitives (the fixed physical law)

Cy aggregate consumption, the Lucas-tree dividend
o, O drift and diffusion of log consumption

A* physical disaster intensity

Fy, f physical disaster-size law and density on J = [J, J]
T, Ji time and size of the kth disaster

Beliefs and the revision rule

o= (\0) a held model: disaster intensity A, size index 6

dP=Ax0 model space; Fy the belief size law

0* pseudo-true size index (minimizes KL(Fy| Fp))

e, G investor ¢’s surprise tolerance; its cross-section law

pt, Of common public posterior; re-selection destination ¢; = m(p;)
RL, 1) investor ¢’s since-adoption record and regime age

Preferences and the pricing kernel

@ coeflicient of relative risk aversion

st investor i’s wealth (consumption) share

= belief aggregator (enters the kernel & = e~%C; *ZE%)

gt(x) share-weighted aggregator; g5 is the (1/a)-power mean of the disaster

likelihood ratios

The fear factor and the belief multiplier

)\9, f,p risk-neutral disaster intensity and size density
U; disaster-fear factor, U; = )\9
URA frictionless benchmark A*E[&5] (correct-belief value, at g, = 1)

Kt belief multiplier U /URA; the bridge is Uy = UMk,



Appendix A. Proofs for the equilibrium kernel and the

disaster-fear bridge

The kernel comes from individual optimization and market clearing. FEach investor solves
the standard complete-market problem, maximizing E; fooo e %u(cl) dt subject to the budget
E[,° & dt < Wi—the objective taken under her subjective belief, the budget under the com-
mon state-price density £. Writing the subjective expectation as E;[ -] = E[M] -], the first-order
condition e ~%u/(cl) M} = (;&; equates discounted marginal utility under her belief to the shadow

@ optimal consumption is ¢! oc (Mf)/: the reciprocal of

price of wealth, so with u'(¢) = ¢~
risk aversion applied to her belief density. Market clearing fol ci di = Cy then aggregates these
individual demands across the cross-section into the single belief factor Z; = fol (MY di

that the kernel carries—a power mean of the held densities, not their average. The next result

records this equilibrium and its uniqueness.

The belief density is a positive martingale. We verify the claim after Definition A.1.
Under P the disaster measure p has (F;, P)-compensator v(dt,dx) = N\ dt Fy(dz) (2). The
held model ¢;(t—) = (Ni(t—),6;(t—)) is predictable (left-continuous and piecewise constant,
Definition 1) and proposes the compensator v*(dt, dx) = X\;(t—) dt Fy,;—)(dx). The process (A1)
is the Radon—Nikodym density of the marked-point-process law with compensator 1 against
that with v (Brémaud, 1981, VI, Theorems 2-4), which is a positive (F;, P)-local martingale
solving dM} = M} [ (ri(x;t) — 1) (u — v)(dt,dx). We check the two hypotheses of Brémaud
(1981, VI, T4) under which it is a true martingale with E[M]] = 1. (a) Bounded intensity.
A = [\ )] € (0,00) (Assumption 2), so fg A\i(s—)ds < At < oco. (b) Bounded likelihood ratio.
The map (z, @) — r(z;0) = Afg(x)/(A* f(x)) is continuous and strictly positive on the compact
J x @ (full support, Assumption 2(i)), hence 0 < r := mingxer < 7(x;t) <7 :=maxgxer <
co. Conditions (a)—(b) give ]E[fotfj ri(z;8) — 1| v(ds,dz)] < (F+ 1) At < 0o, so the stochastic

integral is a true martingale and E[M/] = 1 (Brémaud, 1981, VI, T4). Positivity is immediate
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from r; > 0. O

Independent increments and the realized-density representation. The product form
[1,7i(Jk; T)) is the independent-increment factorization of the Poisson record—each disaster
contributing its own likelihood ratio, with no cross-disaster interaction given the held-model
path; revisions, which change ¢;, are the only channel coupling disasters. The same structure
makes the since-adoption segment likelihood the conditional Radon-Nikodym increment given
the pre-adoption past, so testing the held model on its since-adoption record (Definition 1) is
exact as conditional testing—a property of the Poisson record’s independent increments, not of
general locally equivalent laws. The ratio M% /M is built from the predictable held-model pro-
cess ¢;(s—) over (t,T], the models adopted at the agent’s own future revisions included, which
makes M® a P-martingale and feeds the Negishi construction of Internet Appendix ??. The
valuation primitive is sophisticated with respect to the rule: the investor evaluates consump-
tion plans under this realized-rule density, her own future revisions included, so her problem is
time-consistent, the martingale method applies without qualification, and her wealth at each
revision is the equilibrium continuation value by definition rather than by convention. Behav-
iorally she remains the paper’s tester—at every date she prices the instantaneous objects under
her currently held model, dogmatically, and at a rejection she re-solves under the re-selected
model. Lemma A.1 establishes that the sophistication is not load-bearing for prices: the realized
path satisfies the naive Euler equation on every inter-revision interval, and the concatenation
of those first-order conditions along the realized re-adoptions is exactly the realized-density
construction—the state-price density a market of naive revisers supports, with no anticipation
of one’s own revisions entering the price system. Levels are where the sophistication has bite:
a fully self-financing naive sequence would price its frozen tail rather than the equilibrium
one (the two coincide only at logarithmic utility), while the sophisticated investor’s wealth at
each revision is the equilibrium continuation value—exactly the level the naive re-solve needs.

On the naive reading, the departures from dynamic consistency are confined to the rejection
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epochs, each gated by the tolerance (Weinstein, 2017)—a per-shift control, with no lifetime
bound claimed. The two readings agree on every instantaneous object—the short rate and
the fear factor depend on the current model ¢;(t—) alone—and the forward-looking objects are

equilibrium prices, pinned by &, not by any single investor’s first-person forward valuation.
Definition A.1 (Belief density): Investor i’s belief density is the Radon—Nikodym derivative of
her held-model law P% against the physical law P on JF,

AP

; A=) foi (@)
M=

. — exp(—/o ()\i(s—) - A )ds) k:g<tT¢(Jk;Tk), ri(x;t) = M f(z) ;
(A1)

with M} = 1: the intensity-wedge drift times the per-disaster likelihood ratios r;. Investor i’s

conditional expectation is Ei[X] = E,[(M4/M})X].

Remark A.1 (The allocation is selected, not derived). Under complete markets with heteroge-

neous beliefs, equal initial wealth and a common multiplier cannot both hold. The CRRA opti-

mum is ¢ = ¢ (M)Ve (e /€)1, so (; is pinned by the budget ¢, /*E L5 g Y et/ pi)V/e dt] =
¢, whose value depends on the law of {M;}, hence on the surprise threshold &. Common

wealth W forces type-dependent ¢;, while common (; forces type-dependent wealth—a genuine

fork. We take the second branch: e indexes a revision rule, not a preference or endowment we

wish to price, so equal weights isolate the belief channel from Pareto-weight dispersion. This

setup is the standard perpetual-youth reduced form (Yaari, 1965; Blanchard, 1985; Garleanu

and Panageas, 2015); the general heterogeneous-( kernel of Proposition 1 remains available.

Definition A.2 (Competitive equilibrium): A competitive equilibrium is a state-price density
(&)i=0 and a consumption allocation (ci) such that (i) each ¢ mazimizes B[ [[° e~*"u(c}) dt]
subject to the static budget B[ [ &cidt] < B[ [° &eldt], the expectation under the physical law
P and e investori’s endowment—the supporting endowment that implements the selected Pareto
weights of Remark A.1 (under heterogeneous beliefs a common multiplier implies type-dependent

'), not a separate primitive of the economy; and (ii) the goods market clears, fol cidi = Cy for
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every t.

Proof of Proposition 1. Step 1 (the aggregator is finite and positive). Fix a path with N; < oo

disasters on [0,¢] (a.s., Assumption 1). By (A1) and the bounds r < r; <7 and \; € [\, )],

o~ At LNy M < e\ =)t = Nt for every 1,

so M} is bounded above and below by path-dependent constants uniform in i. Hence (M)

is bounded uniformly in 4, and with fol Ci_l/ “di < oo (Assumption 4),

! 1
0 < == [ < () L < oo
0 0

Step 2 (individual optimum). Markets are complete (Assumption 4), so investor i’s
dynamic problem is the static budget problem under the unique state-price density ¢ (Cox and
Huang, 1989; Karatzas et al., 1990). Writing the objective under P via E‘[-] = E[M] -], the
Lagrangian E[fooo (e*‘”u(cﬁ)Mf — sztcé) dt] is concave in ¢’ (as u is concave), so its pointwise

(in (t,w)) stationarity condition is necessary and sufficient:
e () M = (&, (A2)
With u/(c) = ¢=%, (A2) inverts to

Ci _ C_l/a(&eét)_l/a(Mf)l/a. (A3)

2

Step 3 (market clearing fizes the kernel). Integrate (A3) over ¢ and impose fol cidi = Cy.
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The factor (&%)~ is constant in 7, so

1
(6 [ G i =,
0
(fteét)—l/a 2 =C
(fteét)_l/a = Cy/E; (A4)
&e' = (Cy)Z) " = gy

& = e CroEe, (A5)

which is (6); Z; € (0,00) by Step 1, so & is well-defined and positive.

Step 4 (shares). Divide (A3) by C; and substitute (&)~ = C,/Z, from (A4):

i
S =

_GMCyE MY G e

¢
— A

t

which is (7); fol sidi=2;/=;, =1 and s, > 0, so s; is a probability density in i.

Step 5 (existence and uniqueness). Equations (A5) and (A6) construct (&, c'); by Step 2
each ¢’ is the (unique) individual optimum given &, and by Step 3 the goods market clears, so
(&,¢%) is a competitive equilibrium (Definition A.2). Uniqueness: at any equilibrium the FOC
(A2) and clearing hold, and Steps 2-3 derive (6)—(7) from them with no freedom left once the
(; are fixed. Uniqueness is stated given the selected weights (;: the supporting endowments of
the equilibrium definition are chosen to implement them, so each budget holds by construction
rather than pinning the weights. In a fixed-endowment economy the weights would in turn be
determined by the strictly monotone Negishi map from Pareto weights to excess demands (Cox
and Huang, 1989; Karatzas et al., 1990); nothing below requires that step. Under the symmetric
allocation (; = ¢ = 1 (Assumption 4(iv); a weight normalization, not equal initial wealth, which
under heterogeneous beliefs would make (; type-dependent, Remark A.1) ¢ cancels from (AG).

Step 6 (the power mean is not the arithmetic mean). From (A6), Ci_l/a(Mti)l/a = si=,
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so M} = (; (si=;)®. Substituting into the share-weighted arithmetic mean (M), = fol sCM! di,

1
(M); = / SLG (82 di =2 | G (s di.
0 0

Under the equal-Pareto-weight selection (; = ¢ (the case carried downstream), the shares are

price-irrelevantly (-free and
1 .
(= c=p [ shedi = oz
0

the inequality by Jensen applied to the convex map z — z'™ (a > 0) and the probability
measure di on [0, 1], since fol(si)1+adi > (fol st di)'™ = 1, with equality iff s! is constant in —
equivalently iff the M are equal across the cross-section. Hence the priced power-mean factor
=% and the descriptive arithmetic mean (M), coincide (up to the price-irrelevant constant ()

only at cross-sectional degeneracy, and otherwise differ, the arithmetic mean strictly larger; the

kernel prices the former. O

Lemma A.1 (Naive Euler support): In the equilibrium of Proposition 1, fiz investor i with
revision times 19 = 0 < 1 < -+, and on [Tk, Tg41) write Mt(i)s for the likelithood ratio of
the model ¢;(1) held there, treated as permanent. (i) (Naive Euler equations.) For every

T <t < s < Try1 the realized path satisfies

e () Ty = & (A7

Cit & ’

the first-order condition of the problem posed at i, under ¢;(1x,) held forever; and no consumption—
portfolio deviation supported in [Ty, Tr+1) and self-financing at the market prices & raises the
objective IEQZ)f e~y (c,) ds. (ii) (SDF support.) Consequently & is determined interval-by-
interval by naive first-order conditions, &,/&, = e 07 (¢; /¢ )T T(,lfLS on [Tk, Tre1), and

their concatenation along the realized re-adoptions is the realized-density representation of Ap-

pendiz A; every claim is priced by this &, with no investor’s forecast of her own revisions entering
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the price system. (iil) (Levels.) Ezact implementation of consumption levels by self-financing
naive re-solving—each plan chosen from the market value of the previous plan’s continuation—
holds if and only if at every 1. the market value of the frozen-model continuation equals that of
the equilibrium continuation; at logarithmic utility (o = 1) the equality holds identically, and
for o # 1 it is an additional restriction that equilibrium does not impose. In equilibrium, wealth
at each revision equals the equilibrium continuation value—ezactly the level at which the naive

re-solve reproduces the path.

The lemma locates exactly what naivety delivers and what it does not. Between revisions the
investor is behaviorally naive: her realized path satisfies the Euler equation of the model she
currently holds treated as permanent, and no deviation she can finance and evaluate improves
it—so the state-price density, and with it every option and every calendar spread, is supported
by naive first-order conditions concatenated along the realized re-adoptions. What naivety alone
does not pin is the consumption level at each re-solve: a fully self-financing naive sequence prices
its own frozen tail, not the equilibrium one, and the two values coincide only at the logarithmic
knife-edge. In the equilibrium the gap does not open: the sophisticated investor’s wealth at
each revision s the equilibrium continuation value, exactly the level the naive re-solve needs—
the naive reading is exact in valuation and local optimality, the sophisticated one in levels—and

she carries no hedge against her own revision; none enters the price system.

Proof of Lemma A.1. (i) With ¢; s = Ci_l/a(Mj)l/aCs/Es (Proposition 1) and &, = e %C7*22,
the held model is constant on |7y, Tpi1), so Mi /M = M¥) there and

—8(s—t) <%> _aM(k) _ —4(s—t) % <%> e <ES>QM(I€) — §
€ cin t—s € M; Ct t—s ft ’

_ — k
o Tk)ci Sa ﬁk)ﬁs =

which is (A7); equivalently the path satisfies the frozen problem’s first-order condition e~
n /&y, with multiplier n, = (&, €™ /M;k For local optimality, let Ac be supported in

[Tk, Tip1) and self-financing at market prices, E,, [ & Acsds = 0 (state prices are objective;
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beliefs enter the objective, not the budget). Its first-order effect on the frozen objective is

k)f e 06y (¢; ) Acsds = my B, [(€5/&5,) Acs ds = 0, since on the support of Ac the frozen
density coincides with the realized one; the second-order effect is strictly negative by strict
concavity. (i1) Rearranging (A7) recovers &/, on each interval from the naive first-order con-
dition alone; multiplying the interval densities M*) along the realized re-adoptions is precisely
the realized-density construction of Appendix A, and dynamic completeness (Assumption 4)
prices every claim from this £ by absence of arbitrage. (ii7) By strict concavity, the naive
optimum from wealth W coincides with the equilibrium path on |7y, 741) iff its budget-pinned
multiplier equals n, i.e. iff W equals the market value of the plan with multiplier ny—the frozen
continuation ¢\ = ¢ e (M ! MT(,I:HS)I/ “C,/Z,. Self-financing hands the 734, problem the value
of plan (k)’s tail, while coincidence there requires the value of the equilibrium tail; the two are

G Bay / e O BT DY ds,  Dye { MM, MY,

T—>S) s
Tk+1

frozen versus realized density. At a = 1 the integrand is e % D,, and both densities are P-
martingales with the common value M;'Hl at 7,41 (M is continuous at a calm re-adoption, its
new segment starting at ratio one), so the two integrals coincide identically. For o # 1 the
factor C'1~*=Z2! weights the two densities by state, and their equality is an additional restriction
that equilibrium does not impose; in equilibrium the investor’s wealth at each revision is the
equilibrium continuation value, which supplies exactly the required level. At a disaster-triggered
revision the same argument runs from the post-jump state; transversality (T) makes every
displayed integral finite, and markets clear at £ because the allocation is the equilibrium one

throughout. O

Proof of Proposition 2. Step 1 (the kernel’s jump ratio). At a disaster at t of size x = Jj, the

endowment falls by C; = C;_e™* (Assumption 1), so




Each density jumps by its likelihood ratio, M = M;_r;(z;t) (A1), so (M) = (M} ) ry(a; )/,
and by (6) and (A6),
= 1

==— C_I/Q(Ml)”“ di

i _t_

1 e - )
= — C 1 (MZ_)l/ari(x;t)l/adz

I—lti
1/0‘ Mz 1/a
:/ G ()Y di
‘—'t—

_/ siri(a)"di = gi(x),

0

—_
—

the third line moving the constant Z;" under the integral and the fourth using si_ = ¢; "/*(M;_)¥/*/Z,_

(A6); this is (8). Multiplying, the state-price density jumps by

i _ C;a < Et
& C°

the continuous parts of C'~* and =% contributing no jump.

Step 2 (risk-neutral compensator). Markets are complete (Assumption 4), so there is
a unique equivalent martingale measure Q with density process Z; = & exp( f(f rsds)/&. We
verify the hypotheses of the change-of-measure theorem for marked point processes (Brémaud,
1981, VI, T2-T4). (a) Z is a local martingale. The equilibrium short rate is the process that
deflates the state-price density to a local martingale, and this fixes the drift cancellation. Write

the stochastic logarithm of the SDF (6) as

a&

= bt dt + dmt,
&

with b, the predictable finite-variation drift coefficient—the Ito drift of & = e %C; =%, a
functional of the cross-section through =—and m a local martingale collecting the Brownian and
compensated-jump parts. The equilibrium short rate is, by its defining no-arbitrage property,

r := —by; this property is logically prior to its closed form (which we do not need here). Since
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t . . . . . . . . . . .
eJo 795 ig continuous and of finite variation it has zero covariation with &, so integration by parts

gives
d(&ehorsas) = elorsds (de, + & rydt) = el &, ((by + 1) dt + dmy) = elo™% &, dmy,

the drift vanishing by r, = —b;. Hence &efg msds s a positive P-local-martingale, and Z;, =
ftefot rsds /€4 is its unit normalization, with Zy = 1 and £ > 0. The remaining and substantive
task is to upgrade this to a true (F:, P)-martingale with E[Z;] = 1 (hence the density of Q),
which requires controlling both factors of Z, since £ carries a continuous (Brownian) part as
well as the disaster jumps. Continuous part: the diffusive loading of log £ is —ao dW;, constant
because o is constant (Assumption 1); the continuous factor of Z is then the Doléans exponential
E(—aoW);, a true martingale by Novikov's condition Elexp(3 [5(ao)?ds)] = exp(3a?0?t) <
oo. Jump part: the bounded predictable jump ratio of (b)—(c) and the integrability bound
f(ffj V() — 1] v(ds,dz) < (e*/F + 1) \*t < oo place the jump factor within Brémaud (1981,
VI, T4). The two factors are driven by independent sources (W and p), so their product Z is
a true martingale; completeness independently yields a unique equivalent martingale measure,
of which Z is the density. (b) The bank account exp( fg rsds) is continuous and of finite
variation and &y is constant, so Z and £ have the same jump ratio: at a disaster of size =,
Zi|Zy = &)&— = e g(x)® =: Yi(x) by (A8). (c) Y; is strictly positive and predictable
(it is built from the pre-jump shares si_, of which g;(-) is a functional) and bounded on the
compact 7, since e < e*/ and 0 < g,(z) < 7/ by (8). Under (a)-(c) the theorem gives the

Q-compensator of p as v(dt, dv) = Y;(z) v(dt, dz); with v(dt,dx) = \*dt F;(dx) (2),
VO(dt, dx) = \* e g,(2)* dt Fy(dx), (A9)

which is (9); ¥; bounded makes v? a finite measure, so the change of measure is admissible.

Step 3 (size law). Using F;(dx) = f(z)dx (Assumption 1), the finite measure (A9)

is VQ(dt,dx) = X\ e*gy(x)*f(x)dt dx. Factor it as intensity times a normalized size density,
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vO(dt, dx) = M2 dt f2(z) dz, by integrating out z for the intensity and dividing for the density:

]/Q dt’ dm * (6% « * « (0%
3 = [ G [ emar o) de = X B a )],

Q) = A" e gy () f () _ e gi(z)* f(x)
: AP Ey[eo7 g (J)°]

(A10)

where E¢[h] = [ 7 I f; the denominator is finite and positive by the bounds in Step 2, so fis
a proper density on J. This is (10) and proves (i).
Step 4 (the bridge). Multiply and divide U, = A2 by E;[e*’):
E aJ J)e
s = X Byfe/gu (1)) = ¥ Egfe’]. I (A11)
—— Ef [ea ]

URA N——

Kt

which is (11). The factor UR* = X\*E;[e®/] contains only the physical (A\*, Fy) and «; the factor

k¢ contains the cross-section only, through g;. This proves (ii).

Step 5 (belief-driven variation). Holding (o, \*, Fy) fixed, URA is constant in ¢, so taking

logs of (A11) and differentiating,
dlog U, = dlog UR + dlog k;, = dlog ky,

which is (12). In (A10) the only cross-section-dependent object is g;, so f, Uy, and U, are
functionals of g; alone—of the held models ¢; and shares si  of the cross-section (Internet

Appendix Proposition ?7)—while (\*, Fy) stay fixed. This proves (iii). O
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Appendix B. Proofs for Section 5

A. Where each instantaneous price sits in the decomposition

The risk-neutral size law is the BT object (Bollerslev and Todorov, 2011; Breeden and Litzen-
berger, 1978): the physical F; bent two ways—by risk aversion e*®, which fattens the tail
because a representative agent dreads large disasters, and by the belief factor g;(z)®, the only
channel through which beliefs enter the price. That factor is a wealth-weighted power mean
of the joint (intensity-and-size) disaster likelihood ratios—not their head-count or arithmetic
mean, and not a mean of size beliefs alone, since intensity beliefs enter even when the size law
is common. With (\*, Fy) fixed, dlog U; = dlog k;: any movement in the multiplier maps one-
for-one into the fear factor, while a self-re-adoption or offsetting cross-sectional change leaves

it unmoved—price moves, physical quantity fixed.

The three option-tail objects the literature measures are each a functional of the current cross-
section S; (Proposition B.4): the far-tail level wedge is the level of k; (Proposition 2), the
investor-fears index is the front wedge U;—A* (Bollerslev and Todorov, 2011), and the unspanned
tail factor is Uy itself (Andersen et al., 2015b). Any belief-sufficient benchmark reproduces
all three, so matching them certifies a sensible time-varying intensity but does not separate
lazy revision from the Markov class; the object that does is the forward fear factor’s slope

(Theorem 1), S;-measurable in level but carrying a W;-part in slope.

The mapping also places one of their findings structurally. Andersen et al. (2015b) find the
compensation for tail risk reacts far more persistently after a crisis than the underlying risk,
and fit it with a persistent latent factor; here that persistence is not a free parameter but the
survival history, the fear decaying on the staggered revision schedule—the record channel, the
Si-measurable selection component being shared by any Markov benchmark—rather than at
the speed of the underlying. The discriminating content is once more the slope—a function

of the current factor under any Markov persistence, a function of how long the calm has run
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under lazy revision.

Frequency. The record clock here is macroeconomic: at A\* ~ 3% a disaster arrives once a
generation, while option samples span decades. The bridge is that the rule is not tied to one
clock. An investor testing a crash model of the equity tail runs the same deadline construction
with the crash arrival rate in place of A\*, and records, deadlines, triggers, and destinations
carry over to the higher-frequency event set; at those frequencies the proxies turn over within
available option histories. The macro calibration disciplines the mechanism’s magnitudes; an

international disaster panel supplies the cross-sectional power the single-country clock lacks.

The short rate, the price-dividend ratio, and the disaster premium are derived below; here we

record where each sits in the decomposition of Proposition 5.

The short rate is pure By(S;). The instantaneous safe rate is 7, = § + oo — 2a(1 + a)o? +
MY — U, (Proposition B.1): a constant power-utility diffusive part plus the belief-driven disaster
part \Y — Uy, both functionals of S;, so the rate carries no survival-history residual and a
Markov-in-cross-section benchmark matches it exactly. Beliefs enter only through the difference,
so a fear wave lowers the rate precisely when the priced-tilt response dominates the mean-
intensity response, dU; > d)\;—the flight-to-safety of the lazy economy, purely belief-driven
since (po, 0, \*, Fy) never move. The same fear factor that lowers the rate raises the disaster
premium, so one channel delivers a low safe rate and a high premium together, the pairing
the rare-disaster literature uses to address both puzzles (Barro, 2006). Under power utility
this passes a volatile fear wave straight into r;, against smooth real rates; recursive-preference
disaster models keep r; smooth (Wachter, 2013), a device we forgo, so the belief block must be

disciplined (Section 6).

The price—dividend ratio carries the residual. The ratio is v(¥;) (Proposition B.2), a Feynman—
Kac functional of the full record-resolved state—mnot autonomous in S; in any channel and,
under size disagreement, with no finite-dimensional instantaneous reduction (Proposition 3);

in the decomposition it splits as vp(S;) + Hf (¥;), the residual driven by the same staggered-
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revision channels as the forward-fear residual below and zero for any Markov benchmark. Its
comparative static is two-signed: the valuation-growth rate loads on the cross-section through
two non-interchangeable aggregates—the arithmetic mean \? in the reallocation drift and the
power mean G¢ < \¥/\* in the priced-jump term—so whether a more fearful cross-section raises
valuation growth and expands the price-dividend ratio, against the naive “higher discount,
lower price” reading, is a quantitative condition met at our calibration, not a consequence

of Jensen. A finite-menu Feynman—Kac equation and a first-order belief-dispersion expansion

follow (Corollaries IA.1 and TA.2).

The premium loads on the fear factor, and predicts returns. The instantaneous excess return
is ao? + DRP; (Proposition B.3): the diffusive premium «o? is constant, so all variation is the
disaster premium, which loads on the fear factor U, = U k,. Priced disaster fear therefore
forecasts excess returns while carrying no information about diffusive volatility, pinned at the
constant o—the return-premium leg of the Andersen et al. (2015b) unspanned-tail finding, with
the caveat that, o constant, the non-prediction of volatility is an identity rather than a match.
The premium’s level runs through the price—dividend jump ratio 1, hence v(¥;), so it too

carries the survival-history residual.

Lemma B.1 (Predictable revisions carry no price jump): Let 7 be a calm-deadline revision
time—a predictable time with AN, = 0 at which the revising cohort’s held model jumps from ¢
to the common destination ¢X = m(p,) (Internet Appendiz Lemma ?7?), possibly for a positive
G-mass synchronizing on a flat level set of A*(¢,-). Then (i) every belief density is continuous

at T, M! = M’

T—"

50 Zy, the kernel &, and every consumption share st are continuous at T and
each reviser carries its pre-jump share with no instantaneous wealth transfer; (i) the share-
weighted held-model distribution Sy jumps in total variation, so the instantaneous functionals
g:(+), Uy, the short rate, and the level of the disaster premium carry a predictable jump at
7; (iii) the traded price is continuous, P._ = Py, equivalently v(V,_, p,—) = v(V,, p;) on the
record-resolved state of Definition 4, and P jumps only at the totally inaccessible disaster epochs.

The conclusion uses no atomlessness of the deadline law.
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Proof. (i). In (Al) the factor exp(— f(f(/\i(s—) — A%)ds) is absolutely continuous in ¢, and
the product HTk <t ri(Jg; Ty) acquires a factor only when ¢ crosses a disaster epoch Tj; since
AN, = 0, none is acquired at 7, and the revision changes \;(-—) and the forward likelihood ratios
only on {s > 7}—a Lebesgue-null contribution to M. Hence M = M _: the held-model switch
moves the predictable forward drift of M, not its level. (Equivalently, M is a true (F;, P)-
martingale built from the predictable, left-continuous held-model compensator (Brémaud, 1981,
VI, T4), and the driving Brownian-plus-Poisson filtration is quasi-left-continuous, so F, = F,_
and M! = E[M! | F,_] = M!_.) On a disaster-free neighbourhood of 7 the ratio M;/M?! is
bounded above and below uniformly in ¢ (A compact), so dominated convergence gives Z; — =,

in (6); with C; continuous in calm, & = e %C;*Z% and the shares (7) are continuous, so

(ii). A positive mass relocates ¢ — ¢ while s’ is continuous, so S; = fol S} Oy (1) i
jumps in total variation; the belief aggregator g;(z) = [, r(¢,2)"/*S;(d¢) and the functionals

it determines inherit a predictable jump.

(111). The equilibrium gain process is a P-martingale (Proposition 1), so &P, = E,] ftoo £:C5 ds).
The dividend carries no mass at the single time 7, and by quasi-left-continuity F, = F,_ with
pr = p-— (the public posterior is continuous in calm), so the two conditional expectations coin-
cide and &, P, = &, P,; dividing by the continuous, strictly positive ¢ gives P, = P,. Writing
P, = Cyv(¥y, py) with C; = C,_ yields the value-matching form. The destination ¢* = m(p;)
is read from p,, so the relocation map is JF,_-measurable precisely because the forward-looking
state carries p;; and W, _ already encodes the imminent deadline (the ages and records that pin
A*), so the forward value already incorporates the scheduled relocation. The disaster epochs

are totally inaccessible, so P jumps only there. O]

Proof of Proposition 5. The decomposition (18) itself is self-contained: B; = E[F}; | Sy is the
conditional expectation of the integrable functional F given o(S;)—the L? projection when F;

is square-integrable, so it is Sy-measurable, and the residual H; = F; — B; has E[H, | S;] = 0 by
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the tower property and is measurable in the finer ¥y, since S; = m4W,. That each price object
F, is itself measurable in the pricing state—in (¥, p;), with p, entering through re-selection—is
the content of the state-sufficiency results (Propositions B.4 and B.2); the projection argument,
takes it as input. This holds for any equilibrium price object F; and uses nothing beyond
the definitions of the two states. The classification (i)—(iii) of which objects carry a zero
versus a nonzero residual is read off the pricing results established later in this appendix; we
record it here only to fix the organizing split, and it carries no logical weight in the present
argument. Throughout, the residual’s leading term is the centered channel—the staggered-
revision channels minus their S;-conditional mean; the raw channels coincide with the residual
only where their S;-projection vanishes. (i) The fear factor and multiplier, the risk-neutral
disaster law, and the short rate are S;-measurable (Proposition B.4), so each equals its own
projection and H; = 0. (ii) The price—dividend ratio and the premium level are functionals of
the full ¥;, not autonomous in S; (Proposition B.2); and the forward fear factor has F;(0) = U,
measurable in S; with right-hand slope 0F F;(0) = bg(S:) + Us s (PFY) + MOy (Vy), whose
last two terms are measurable in ¥, and not in S; (Theorem 1), so H; = s (Ut Cow (PFY) +
N Osw (V) — E[U; o + AN Ogyy | St]) + o(s)—the centered staggered-revision channels, the raw
channels net of their S;-conditional mean—zero at horizon zero and first order in s. (744) For any
benchmark whose pricing state is Markov in the current cross-section .Sy, the conditional law of
the future is by construction a functional of S;, so every forward object E[- | F;] equals its own
Si-projection and ‘H; = 0. The worked instance is Theorem 1(iv) with Internet Appendix TA.9:
under Bayesian updating the per-investor state is the posterior, its own sufficient statistic, so the
cross-section is Markov, the deadline flow ®3" and trigger propensity 7 are absent, and every
forward object closes in S;; an affine latent-state specification and a representative filtering

economy are Markov in their own states by construction, with the same conclusion. O

Proposition B.1 (The equilibrium short rate): In the equilibrium of Proposition 1, the instan-
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taneous risk-free rate is
re =0+ apy — 2a(l+a)o® + A} — Uy, (B1)

with Ny = fq))\dSt the wealth-weighted held intensity (Definition 3) and U, the disaster-fear
factor (10). The diffusive part 6 + apg — 3a(1 + a)o? is the constant power-utility rate; the
disaster part \¥ — Uy is belief-driven, and at correct beliefs (A\Y = \*, U, = UR*) collapses to

the rare-disaster precautionary term —X\*(E;[e®] — 1) < 0.

Proof of Proposition B.1. Take logs of & = e™*C;*=2 (6):
log& = —6t — alog Cy + alog Z4. (B2)

By Assumption 1 (the jump multiplies C' by e™*, so AlogC = —x),

dlog Cy, = (o — 30°)dt + o dW; — / x p(dt, dx), (B3)
J
and by Internet Appendix Proposition ??—the calm drift dlogZ,/dt = —L(A7 — X*) (from

Internet Appendix (??) divided by =;) and the disaster jump =;/Z;- = g;(z) (Internet Ap-

pendix (?7)), so Alog = = log g;(x), with no diffusion since M* carries none—

dlogZ, = —L (3 — X*)dt + / log go(x) ju(dt, dz). (B4)
J

Differentiating (B2) and substituting (B3)—(B4),

dlog& = —6dt — adlog Cy + adlog =,

=[-8 —a(po — 30%) — (A] — \)]dt — acdW; + L[aw + alog g:(z)| p(dt, dz)(B5)

the dt, dW, and p terms collected from (B3)—(B4).
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Now pass from log € to & = €!°8¢ by It6’s formula for the exponential of a semimartingale.
Write L = log&; by (B5) its continuous martingale part L¢ satisfies dL{ = —ao dW;, so, with

d(W), = dt, its quadratic variation and the resulting [t6 correction are
d(L%), = (—ao)*d(W), = a*o? dt, Ld(Le), = 1a*o? dt, (B6)

and its jump at a disaster of size x is AL, = ax + alog g;(z) (the p-integrand of (B5)). Itd’s

exponential formula then gives

e _ dL§ + (drift of L)dt + % d(L), + / (e2L) — 1) p(dt, dz), (B7)

t— J

in which the jump factor evaluates as

eALt — 1= eoea:+ocloggt(x) 1 = o ealoggt(z) 1= eozxgt(x)oc 1

(consistent with (A8)). Collecting the dt terms of (B7)—the drift of L read from (B5) plus the

correction (B6)—the continuous drift of d&;/&; is therefore

dgtCOnt___ _12__S_* .
<E)drift_ 6 —alpo — 50°) — (AY — A) + 3070, (BS)

The mean jump rate is the jump factor integrated against the disaster compensator v(dt, dx) =

A dt f(x) dz (2):

%Et [(eo‘zgt(x)a -1) ,u] = )\*/J (e**gu(x)* = 1) f(z) dz
= NE;[e*g: ()] — X" (B9)
=U; — N, (B10)

line (B9) splitting the integral and (B10) using U; = MEf[e*/g,(J)*] (10). The safe rate is
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minus the total expected return on &, ry = —E[d&, /&), i.e. minus the sum of (B8) and (B10):

e =0+ a(p — %02) — %a202 + (S\f — ) = (U — X9)
=0+ apy — 3a0” — La?o® + N7 - U, (B11)

=0+ ap — 2a(l+a)o® + A — Uy, (B12)

line (B11) expanding a(o — 302) and cancelling FA*, and (B12) factoring —1ao? — 1a%0? =
—1a(l + a)o?; this is (B1). At correct beliefs Ay = X\* and U, = UR* = MEg[e®], so

A — Uy = =X (Ef[e™] — 1). O

Lemma B.2 (Payoff-growth domination): Under Assumption 1, for every horizon h > 0 and

every K > 0, E[sup,< <, ,(Cs/Cy)' M Ne] < oo

Proof. Write (C,/Cy)'=® = e(l=®)mo=02/2)(s=1) g(1-)o(We=Wi) o=(1=0) Xorcucs e The drift factor

is bounded on [0, h; E[sup,<, ., e!'=7Wa=W1)] < oo by the reflection principle, the running
maximum of Brownian motion having Gaussian tails; and the jump factor is bounded by
eli-alt +E)Nwern - J the compact support bound, with finite compound-Poisson exponential

moment exp{A*h(el=e/+K _1)}. The factors are independent, so the product is integrable. [

Lemma B.3 (Pathwise total-variation stability of the flow): Throughout, the economy is the
finite-menu economy with turnover parameter > 0 (2 = 0 the baseline of Section 5, where
the death-clock clause below is void) and A\p; := maxge A. Let W, W' be record-resolved states
with ||V — V'||ry = €, and couple the two economies on a common driving path—the same
aggregate marked Poisson measure and, under a TV-optimal coupling of the initial states, the
same idiosyncratic death clocks and type draws, and sharing the public record to date, hence
the posterior p (the comparison varies the cross-section on a common public history)—so that
investors of joint mass 1 —¢e are shared. Then for every horizon h > 0: (i) each shared investor’s
state coincides in the two economies on [t,t + h; (i) pathwise, ||Ss — S.||rv < £ g Nesels—t)

for s <t 4 h, with ¢ = (r/7)"* and ¢ = 2\p;i/a + Q; and (iii) under the margin & > ki :=
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m—+c+A1/q—1)—with i := supg m(S) the transversality bound and A := XV 7 o crude
bound on the payoff-tilted disaster intensity—|v(V) — v(V")| < Le for an explicit finite L; Kk,

is a crude sufficient constant, and parts (i)-(ii) need no condition.

Proof. (i) A shared investor carries the same held model, record, age, and tolerance in both
economies at t, faces the same disasters and death clock, and—the one aggregate input to
her dynamics—relocates, when she revises, to the public destination m(p,), a functional of
the common driving path (Internet Appendix Lemma 77?). Her deadline, trigger evaluations,
and destinations therefore coincide, and her state does, by induction over her revision times.
(i) Write the discrepancy as the unshared weight. In calm, each side’s shares move by the
replicator at log-rates bounded by Ap;/a, and turnover retires unshared mass at rate {2 while
entrants are shared; so the unshared TV-mass grows at most at rate 2\,;/a + € through the
relative renormalisation. At a disaster the reweight multiplies every relative weight by a factor

1. relocations move mass to the common

in [¢,1/q| (8), inflating the discrepancy by at most ¢~
public destination and do not increase total variation. Compounding gives the display. (%ii)
Write Y, 1= e (Cyyr/Ci) " %(Zi4,/Z0)® for the discounted payoff; on the common driving

path its consumption factor is identical across the pair, so only the aggregator ratio differs.

Pathwise,

/
t+7
t —i

—_
—
—_—

St

A, = |log

TAA / ! —Nr cT AAT
g/o FHSU—SUHTVCZU‘F Y LollSu-=S, llrv <eq e <T+LgNT) :

disasters<t

—_
—
—

using (i) and the bounded-Lipschitz aggregate inputs on the compact ® x J (Ay := X — A;
L, = (FY* — r¥/o) /rt/®). Since |V, — Y| < min(Y,,Y/)(e*4" — 1) and also < Y, + Y/, the
elementary bound 1A(e*—1) < ex for z > 0 gives |V, —Y/| < ea (Y,+Y)) A, < eae (Y, +Y/)H,.
Change measure to the payoff-tilted law at horizon 7, dQ7 o Y, dP: under it the disaster count
is dominated by a Poisson process of intensity A (the tilt weights each mark by e=(1=®)7g(z)> <

e@ D7) so E¥[¢ N (a + bN,)] < (a + bA7/q) er" /9= while E[Y;] < e~~™7: the same
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bounds hold for Y’. Hence
/ —(0—r—c—A(1/q—1))r A A
E[lY, -Y/]] <Coe(1+71)e 7 : Co :zQea(——I—Lg(l—l——)),
o q
and integrating over 7 gives |v(¥) —v(¥')| < Le with L = Cy [;°(147)e”®~*2)7dr < 0o under

5>I<LL. ]

Proposition B.2 (The price—dividend ratio): Let v; = P,/C; be the tree’s price—dividend ratio,
and let Uy denote the record-resolved pricing state—the wealth-weighted distribution over per-
investor states (¢, R,7,e) (held model, since-adoption record, regime age, tolerance), whose

¢-marginal is the pricing state Sy (Definition 3). Then vy = v(V,) with

o(¥) =K /1t ) e5<st>(%;)1_“<g—§>ads] (B13)

The local expected growth rate my; of Yy := O} “EY is a function of the marginal S, alone,
m(Sy) = (1 — a)po — 3a(1 — a)o? — (Xf - )\*) + N\ (Ef[e*(lfa)Jgt(J)a] — 1), (B14)

but the valuation v depends on the full V;: scale-freeness removes only the level Cy, and the
conditional law of the future path {Ss}s>i—hence of {m(Ss)} and of =5/Z;—is governed by the
record-resolved dynamics of Proposition 3, which are Markov in the pair (Vy, p;)—the calm re-
selection destination ¢t = m(ps) being read from ps—and not autonomous in Sy. Throughout,
v(Wy) abbreviates v(Vy, p;): re-selection reads p, which since-adoption records do not recover.

Under the transversality condition
d > supm := supg m(S) (T)

the integral (B13) converges, 0 < v(¥;) < (§ — supm)~! < oo, and v is the unique bounded

valuation. It is not semi-closed: v is a Feynman—Kac functional of the full record-resolved
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state WU, whose conditional law is Markov in (Vy, p;) and not autonomous in its marginal Sy
(above), and even the instantaneous disaster tilt has no finite-dimensional sufficient statistic
(Proposition 3); so v is not summarized by finitely many moments of S;. In the decomposition
of Proposition 5 the valuation splits as v(V;) = v(Sy)+Hy (V;): the cross-section part vg(Sy) =
Elv | Sy satisfies E[H} | Si] = 0, and the survival-history residual H} (V) is generated by the
record-resolved conditional law of the payoff path: its leading local component is the forward
valuation-growth residual E[m(Seir) | W] — E[m(Stir) | Si], entering through the discounted
Feynman-Kac accumulation (B13), and the higher-order components enter through the same

staggered-revision channels’ (P5V ) effect on the path law; it is zero for any Markov benchmark.

In the intensity channel (fy = f, g: = Gy = Eg,[(A\/A*)Y?]), (B14) reads
m(S;) = const — (X7 — \*) 4+ \* (Ef[e’(l’a”] Gy —1), (B15)

which carries the cross-section through two distinct aggregates: the wealth-weighted arithmetic
mean X7 in the reallocation drift —(\7 — X*), and the power mean G in the priced-jump term,

with G < N2 /\*, strict by Jensen for a > 1 unless \ is S;-a.s. constant (21).

Reading the proposition. The transversality margin is non-vacuous because each term of (B14)
is a bounded functional of S; over the compact menu (g; bounded, J compact), so —oo <
infgm(S) < supgm(S) < oo. The projection vg is the best Si-measurable summary of the
valuation—the component any Markov-in-cross-section benchmark can at most reproduce, its
own valuation being Si;-measurable, so the defining property E[#H} | S;] = 0 makes the residual
orthogonal to every such benchmark. A Markov-in-S; benchmark prices forward objects by
its own functional of S;, which need not equal the projection B;; the decomposition says only
that whatever that functional is, it leaves the same residual. Capitalization is at the discount
net of growth 6 — m(S;), not at a gross return. The comparative static is two-signed. The
two aggregates are not interchangeable, and a more fearful cross-section raises both; whether

the priced-jump (marginal-utility) term dominates the frequency drag—so that m rises and
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the constant-m ratio erpands—is the quantitative condition above, met at our calibration;
compression of levered equity would in any case require a leverage channel, absent here. That
S; is genuinely insufficient—mnot merely non-autonomous—has a witness. Take the aged/fresh
pair of Theorem 1(iii): a common cross-section S; and a common public posterior p;, calm
deadline flows @7V > &V setwise with the difference charging the switch set. On the calm-
conditional paths the dynamics are deterministic, and at the origin the selection terms cancel

(both read the shared S;), leaving only the flow difference: with Z := (\/\*)Y/e,

L m(S,) —m(8,)]

o == —A; + aNE[e 79 Go7 A, (B16)

u=t

where Ay == [ (A= A(¢})) d(®' — @);¥ > 0 and Ag := [,(Z — Z(¢})) d(P' — @)V > 0, both
non-negative because monotone re-selection gives A(¢;) < A pointwise on the switch set and Z
is increasing in A\. The two terms of ¢; carry opposite signs—the frequency-drag relief against
the priced-jump decline, the two-signed comparative static of (B15)—so m(S,) — m(S]) =
c1(u —t) + o(u — t) and the calm-conditional growth paths separate at first order whenever
¢1 # 0—the conditional law of {m(Ss)}s>+ given W; is not a function of S, which is the
insufficiency claimed; the knife-edge is the exact offset A; = aNE;[e=1=7]GF 1 Ag, and the
sign of ¢y is the same dominance comparison as (B15). The valuation step below turns the path
separation into a strict value separation—uv(W;) # v(¥}) whenever the dominance holds with
one sign on the swept range, met with slack at our calibration: two states, one marginal, two

values.

The valuation step. The separation (B16) concerns the conditional law of {m(S;)}; the claim of
values needs the Feynman—Kac integral (B13) to inherit it, and later portions of the path could
in principle offset the local wedge. They cannot, in two moves. First, a pathwise order. Embed
the pair in the one-parameter family that advances the regime ages of the differing switch-set
mass by a > 0—the aged/fresh pair is an instance—and couple all members on a common

driving path. Each investor’s unnormalised weight is her entry weight times the product of
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her held models’ factors over her holding history (the (M?)'/* representation of Proposition 1);
advancing a calm re-selection by da exchanges, over the advanced window, the incumbent’s

calm factor for the destination’s, so

d%z (Weight at u) = (Weight) X Z A9k) = MJrt1) > 0,
k

«

the sum over her advanced calm switches, each term non-negative under the maintained mono-
tone re-selection (disaster-triggered relocations occur at common epochs and contribute no
exchange; disasters landing in the shrinking window contribute zero to the derivative almost
surely). Weight therefore migrates weakly from higher to lower intensities at every u on every
branch: 0\, := _aa/_\i‘a:o > 0 and G, = —8aGu|a:0 > 0 pathwise, strictly positive from
the first advanced deadline onward on the positive-probability event that no disaster precedes
it, and strictness propagates through disasters—the reweight acts investor-by-investor and a
triggered relocation is common to the coupled economies. Second, the value derivative. Path-
wise Y-order is unavailable—the calm drift and the jump factor load on the cross-section with
opposite signs—so condition on the first disaster: on the disaster-free event the dynamics are

deterministic and (B13) takes the renewal form
U<\Ilt) :/ ef(5+/\*)(u7t) eftumc(sr)dr |:1 + )\*/ ef(lfa)x va<\yi) f(ill') dr du,
t J

with m, the jump-stripped calm growth. Differentiating in a at 0 yields a linear renewal
equation 0v = § + K[0v]: K carries the derivative to the post-jump states, positive, with norm
below one under the margin § > , already imposed for the valuation step (Lemma B.3); and

the forcing collects the two channels against strictly positive valuation weights,
5§ = / e~ (O u=t) o f, me [—Wl (u) OAy + NEf[e™ = aGo Wy (u) G, | du,
t
Wy the (Fubini-transferred) discounted continuation weight and Wj the jump-value weight.
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Hence dv = ano JC"'§ carries §'s sign: whenever the dominance between the two non-negative
processes (0A, 0G) holds with one sign on the swept range—the comparison of ¢; and (B15),
weighted by (W;, Wsy)—the derivative is strictly signed. The exchange-sum computation is
uniform in the base a, so v is strictly monotone along the family, and the finite pair’s values

differ: the witness prices.

Proof of Proposition B.2. The valuation and its state. By (6), &, = e %“C;*Z2, so

0, e PCreEC,
ftC't 6_&0;&3? Ct

T (% )1‘“ (§_>°‘ (B17)

—t

line (B17) using C;*C, = O~ (likewise at t) and collecting the e~ and = factors. The tree
pays the dividend Cj, so by the pricing identity P, = E;| ftoo(fs /&)Cs ds]; inserting Cy/Cy and

using (B17),

> &Cs ds}

P=CE|| TZ
t tt

Dividing by C} gives vy = P,/C; = (B13). The integrand is homogeneous of degree zero in
the level C;, so v; does not depend on C}; it depends on the conditional law given JF; of
the path (Cs/Cy, Z5/E¢)s>¢. The ratios C,/C; are functions of the primitive increments only
(Assumption 1), independent of the cross-section. The ratios Z5/=; are driven by the future
cross-section path, whose conditional law is Markov in the record-resolved state ¥; and not
autonomous in its ¢-marginal S; (Proposition 3: the switch flow depends on the within-class

record distribution). Hence v, = v(Wy).

The growth rate m(S;). Take logs of Y; = C}*22 log¥; = (1 —a)log C; + alog Z;, and
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substitute (B3)-(B4):

dlogY; = (1 — a)dlog C; + adlog =,
= [(1—a)(po — 30%) — (Af — M\)]dt + (1 — a)o dW, +/j[—(1 — a)z + alog gi(x)| p(dt, dz).
(B18)

By Ito’s formula for Y = ¢'°8Y | the continuous martingale part of (B18) is (1 — a)o dW;, with

quadratic variation and It6 correction
(1 =)o) d(W), = (1 —a)?o?dt, L1 -a)0dt,

and the jump factor at a disaster of size x is e~(I=®@+alogal@) _ 1 — g=(1=e)zg (1)@ _ 1. hence

av,

= [0 3ot~ O6 X+ o dr (oo e | (=07 1), ),

Take E;[-]/dt (conditioning on F;): the dW; term has mean zero, and the random measure p

has compensator v = \*dt f dz (2), so

m(S) = 5B | 8| = (1-a) (o~ 30%)~ (A =X") +3(1-a) %0+ 2" /J (e =7 g,(2)°=1) f(x) da.
(B19)

The diffusion terms in (B19) collect as

(I—a)(po—30*) + 21— a)’0® = (1 — o+ 30*[-(1 —a) + (1 — a)?] (B20)

ot 00— -1 (B2
=(1—a)u+ %02(1 —a)(—a) (B22)
= (1—a)po — 3a(l — a)o?, (B23)

(B20) factoring 10? from the two variance terms, (B21) factoring (1 — ) from the bracket,
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(B22) using (1 — a) — 1 = —a, and (B23) multiplying out. The jump integral splits, using

[, fde=1, as

x /J (0= gy(2)" — 1) f () do = \* /J e -7, (2) f () dr — M /J f(w) d
= \* Ef[e—(l—a)Jgt(J>a} —\*

X (Egle 0 g, ()] - 1). (B24)
Substituting (B23) and (B24) into (B19),
m(Sy) = (1 —a)pp — %a(l —a)o? — (A =) + )\*(Ef[e’(lfa)Jgt(J)“] — 1), (B25)

which depends on the cross-section only through A¥ and g, i.e. through S;; this is (B14).

Convergence, bounds, uniqueness. Set Z, = e SP™E=DY, /Y, Its local drift rate is
(m(Ss) —supm)Zs < 0 (by the definition of supm), and its jumps have finite mean (g; is
bounded by 7/ (8) and J is compact), so Z is a supermartingale and E,[Y,/Y;] < ™ (571,

Therefore, under (T),

(o] o0 1
/U(\Ilt) S / 6—5(S—t)6supm(5—t) ds = / e—(é—supm)u dy= ——— < 0, (B26)
¢ 0 0 —supm

and v > 0 since the integrand is positive. The lower bound is uniform. Set inf m := infg m(S) >
—00, finite because the jump integrand in (B25) is bounded (g, € [r*/*,7/*] by (8) and J is
compact). Then Z, = e~ ™™Dy, /Y, has local drift (m(S,) — inf m)Z, > 0, a nonnegative-
drift local submartingale that is uniformly integrable on compacts by Lemma B.2, hence a true

submartingale, so E,[Y,/Y;] > ™™ (=% and

o , 1
) > —d(s—t)pinfm(s—t) go — = 5
v(P) _/t € € TS Zinfm

a positive lower bound independent of W, (it uses only infm and §). With (B26) this makes
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U (x) = v(¥7)/v(¥;_) bounded above and bounded below away from zero—the bound used in
Proposition B.3 and the excess-volatility result of the Internet Appendix (whose Dynkin step is
licensed by the PDMP extended-generator characterization, v absolutely continuous along the
calm flow by its Feynman—Kac form; Davis 1993). Uniqueness among bounded valuations. If
vy, V9 are bounded solutions of the pricing identity, then for every horizon T' > t their difference
D := v, — vy satisfies D(¥,) = e ?TVE,[(Y7/Y;) D(¥7)]; bounding |D| < ||D||s and using

E,[Y7/Y;] < es®™ (=% (the supermartingale bound above),

ID(Vy)] < [|D|o ™™= —— 0 under (T),

T—oo

so D = 0 and the bounded valuation is unique. That the bounded valuation depends on the
full record-resolved state ¥;, not on finitely many moments of S;, has two sources, in order of
generality: the law of motion is non-autonomous—the switch flow and revision deadlines are
functionals of ¥, (Internet Appendix Propositions 7?7, 3)—so the forward expectation cannot
collapse to a function of S; alone in any channel; and in the size channel the instantaneous

disaster tilt is already infinite-dimensional in \S; (Proposition 3). [

Proposition B.3 (Equity premium and disaster premium): In the equilibrium of Proposition 1,

the tree’s instantaneous expected excess return decomposes into a diffusive and a disaster part,

E,dR] — r;dt = ao® dt+ DRP,dt, (B27)

—~—

diffusive
where, with the tree’s disaster return ARS(x) = e "i(x) — 1 and i (x) = v(V7)/v(V,_) the
price—dividend jump ratio (the record-resolved state moving from W,_ to its post-disaster value
U? ), the disaster risk premium is the gap between the physical and risk-neutral expected disaster

returns,

DRP, = X E[[AR{(J)] — U, E o[ AR (J)]. (B28)

2

The diffusive premium «o* is constant. The disaster premium is priced by the risk-neutral

83



disaster law (Uy, f2)—the fear factor of Definition 2—so, holding (o, \*, Fy) fized, its belief-
driven variation runs through (Uy, f2). In the intensity channel (shape fized) the U,-loading
component of this variation runs through U; alone (Proposition 2); in the general joint model
the premium also moves with the shape ftQ and the state-dependent return jump. Fven in the
intensity channel, though, the premium’s level and part of its variation run through the jump
ratio 1y, hence through v(V;) (Proposition B.2), which varies with the full cross-section and is
not summarized by U;. In the decomposition of Proposition 5, DRP; = BPRY(S,) + HPRY (W)
the cross-section part carries the Sy-measurable fear-factor intensity, and the survival-history
residual enters through the price—dividend jump ratio ¥y and v(¥;) (Proposition B.2), zero for

any Markov benchmark.

Proof of Proposition B.3. The no-arbitrage relation. The consumption claim priced by & has
gain process & P; + f(f &sCsds, a P-martingale (Proposition 1). Conditioning on F;, its drift is
ZEro:

E[d(&P;)] + &Crdt = 0. (B29)

By It6’s product rule for semimartingales,
d(&P,) = & dP, + P, d& + d[¢, P);. (B30)

Divide (B30) by &_P;_:

d&p) dp,  d&  diE, P,
& P P& & B (B31)

The cum-dividend return is dR{ = dP,/P,— + (C;/P,)dt, so dP,/P,— = dR{ — (C/P,)dt;
substitute this into (B31), take E;[-], and use (B29) divided by the left limit & P (i.e.
E[d(&P)/ (&~ Pi—)] = —(Cy/ P,—) dt to first order, the price jump entering the martingale part,
not the drift):

Cy d&, d[¢, Pl

B[R] — prdt +E, [&—_] LR [&__Pt_] _

Cancel —(C;/P;)dt from both sides, then use E;[d&/&-] = —ridt (Proposition B.1) and

_ G

dt.
P
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Ei[d[¢, Pt/ (&—Pi-)] = Cov(dés/&—, dR) (the predictable covariation, the (Cy/P;)dt yield term

being finite-variation and contributing none):

d
E,[dR¢] — r, dt = — Cov, (ﬁ, de;).

&i
Predictability and the jump structure. Placing the price jump in the martingale part of (B29)
requires the jumps of P to be inaccessible, and they are. Between disasters the belief densities
M are continuous—they jump only at the points of the disaster measure N, by (Al)—so
the kernel ¢ and, by Lemma B.1, the price P are continuous across every predictable revision
time, including a synchronized calm deadline at which a positive G-mass re-selects on a flat
level set. There the share-weighted distribution S; carries a predictable finite-variation jump,
but the traded price does not: the re-selecting cohort relocates to the public and predictable
destination ¢; = m(p;), an anticipated move that leaves the forward-looking value unchanged
(Lemma B.1(iii)). The only jumps in P are at disasters, totally inaccessible stopping times of

the Poisson filtration, so (B29) holds without any atomlessness restriction on the deadline law.

The two covariation channels. The martingale part of d&; /&, is —ao dW; plus the com-
pensated jump [ (e**g,(2)*—1)(u—v)(dt,dx) ((B5), (A8)); the martingale part of dRy is o dW;
(the record-resolved state ¥; has no Brownian part by Proposition 3, so the deterministic v(W;)
is diffusion-free and the sole Brownian source is o dW,; from C;) plus the compensated jump
[ ARE(x)(p — v)(dt, dx) with ARf(x) = e *iy(x) — 1. The Brownian and Poisson sources
are independent, so the covariation splits into a diffusion and a jump part. The diffusion part,

using d(W), = dt,
Covi(—ao dWy, odW;) = —ao - o d(W), = —ao® dt.

For the jump part, the predictable covariation of two compensated integrals f H(p —v) and

[ K(pn — v) against the same random measure is [ HK v, valid for predictable H, K with
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[ H?v, [ K?v < oo (Brémaud, 1981); here H = ¢**g® — 1 and K = AR are bounded (g;
bounded by (8), ¥, bounded since v is bounded above and below away from zero under (T), J

compact), so with v = \*dt f dx,

Covi"™P = )\*/ (g (x) — 1) ARy (x) f(x) dx dt.

J
Hence the premium is — Cov, = —(diffusion) — (jump):
E:[dR¢
t[dth] —r = ag® =\ / (" g,(x)* — 1) AR () f(z) da. (B32)
J

Split the integral over the factor (e* gy — 1):

—)\*/ (e*gy — V)ARJf dx = )\*/ AR; f dx — )\*/ e g ARy f dx
J J J

= N E/[ARy] = U E o[ AR], (B33)

line (B33) using [ ARY f dr = Ef[AR{] and the risk-neutral disaster compensator A\*e**g,(x)® f(x) =
vi(dz)/dt = Ui fP(x) (10), so that \* [e**g? AR; f dw = U, [ AR f# dv = UE o[ARf]. Sub-
stituting (B33) into (B32) gives the diffusive term ac? and DRP, = \*E/[ARY] — UE o [ARS],
which are (B27)-(B28). O

Proposition B.4 (State reduction to the wealth-weighted distribution): In the equilibrium of
Proposition 1, each of the following instantaneous equilibrium price quantities is a measurable
functional of the pricing state S; (Definition 3) alone: the belief aggregator g,(-) (17), the kernel
calm drift and disaster jump ratio (Internet Appendiz (77)—(?7?)) (jump quantities at a disaster
epoch evaluated at the predictable left limit S;_), the fear factor U, and multiplier k; and the
risk-neutral disaster law f2 (10)~(11), the short rate r, (B1), the local valuation growth m(S,)
(B14), and the diffusive premium ao? (B27). The disaster-premium level is excluded: it carries

Wy (Proposition B.3). Equivalently, any two record-resolved states Wy, W, (Definition 4) with a
t
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common held-model marginal 7V, = 7waW, = Sy yield identical values of all these quantities
at t: the since-adoption records, regime ages, surprise thresholds, and second-order posteriors
enter instantaneous prices only through S;. These prices factor through the aggregator g,(-),
itself a functional of Sy coarser than the full measure; what fails under size disagreement is
any finite-dimensional reduction—>by Proposition 3 no finite collection of linear moments of S;
determines g.(-); in the intensity channel g, = G, is a scalar, and on a finite menu Sy is itself
a point of the simplex, so the mon-reduction is a size-disagreement statement. The forward-
looking objects do not reduce to Si: the price-dividend ratio v(V;) (B13), the price-dividend
Jump ratio 1y, and hence the level of the disaster premium DRP; (B28) are functionals of the

full record-resolved state W, (Proposition B.2).

Proof of Proposition B.j. Each instantaneous quantity is, by its defining display, a functional
of St.

(a) By (17), gi(z) = [,(A/A)V/e (fg(x)/f(a:))l/a Si(d¢) is the integral of a fixed (¢, ¥)-independent
kernel against Sy; so the whole function g;(-) depends on U, only through S; = m,V,.

(b) By Definition 3, Ay = [, A S;(d¢). Hence the calm drift (Internet Appendix (??)), —% (A7 —

A*), and the disaster jump ratio (Internet Appendix (?7?)), g:(x), are functionals of S; by
(a).

() By (10)-(11), Uy = A E¢[e*gu(J)*]), ke = Uy /U™, and f*(x) = e*gu(2)" f(2) /E[e*! g:()°]
are fixed functionals of g;(-), hence of S; by (a).

(d) By (B1), re =6 + apg — sa(l+a)o? + A7 — Uy, and by (B14) m(S,), are functionals of A}

and g(+) by (b)—(c); the diffusive premium ao? (B27) is constant.

The displays in (a)—(d) involve W, only through S;; the coordinates (R, T,¢) of Definition 4
appear in none of them. Therefore myWU; = 7,V¥, forces equality of every quantity in (a)—(d),
the stated equivalence. That the instantaneous prices admit no finite-dimensional reduction—

though they factor through the coarser aggregator g;(-)—is Proposition 3: the map S +— ¢(-)
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in (a) is into an infinite-dimensional image (by the spanning condition, the family {(fy/f)"/*}
is linearly independent), so no finite collection of linear moments of S; is sufficient (nonlin-
ear summaries are not excluded by this argument, and the intensity channel and the finite
menu do reduce); the claim is the size-disagreement one. For the forward-looking objects,
v(Wy) = B[ [ e0C=0(C, /Cy) = (25/Z,)ds] (B13) is a conditional expectation of a functional
of the future path {Ss}s>t, whose conditional law is governed by the record-resolved generator
of Proposition 3, Markov in ¥, and not autonomous in S; (Proposition B.2); so v is a condi-
tional expectation of a functional of the future path whose law is fixed by ¥, and not by S;
alone; v is therefore a functional of the full record-resolved state, as claimed, and where two
such states with a common marginal produce different forward laws the values can differ—the
constructive instance is the deadline channel of Theorem 1(iii), established independently of
this proposition’s forward clause. The jump ratio 1; = v(¥/)/v(¥;_) and the premium level

(B28) inherit this dependence. O
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A. Same spot tail, different forward tails B. Forward-tail wedge
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Figure 2: Two histories, one cross-section (Theorem 1(iii)). At ¢t* = 44 along a realized
disaster record—fourteen years into the calm that follows a disaster at ¢ = 30—two record-
resolved states share the same held-model cross-section Sy, hence the same spot tail U;+, and
differ only in their records: aged is the state the realized history delivers, its records as the
path left them—the disaster’s re-anchoring wave, later calm re-adoptions, and records carried
through the disaster untriggered; fresh is the same cross-section with every since-adoption
record reset. Left: the calm-conditional forward tail F,°(s) := E[Uy, s | Ft, no disaster in (¢,¢+
s]], normalized by the common level. Conditional on no disaster the path is a deterministic
functional of the record-resolved state, so both curves are deterministic numerical transports of
the model laws, not simulations. Right: the wedge between the curves—=zero at the origin and
accumulating with maturity as the aged state’s calm deadlines arrive, reaching 15.8-16.2% of
the level at a twelve-year horizon across converged configurations, under the calibrated belief
block of Section 6.B. This is the survival-history residual formalized below (Proposition 5), the
object any belief-sufficient benchmark sets to zero.
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Table II: Confronting the option-tail evidence. The physical block is fixed at the macro-disaster
calibration (Table I), giving UR = 0.085/yr; the belief block is pinned to the crisis jump and
the calm moderation; the persistence is achieved, not targeted. The model entries are closed-

form in the fear factor U, =

URAK,, the premium rows also carrying the jump ratio 1);. The

Status column separates what is calibrated, what is directional, what is structural, and what
is achieved; the half-life is generated by the deadline and turnover blocks rather than targeted.
The computed record is the single event-study path of this subsection: path statistics, not

stationary averages.

Evidence Documented find- Model (closed form) Status
ing
Backuset al. options imply a deep-calm k; ~ 0.53— direction
(2011) more modest dis- 0.63 < 1: U, falls be- matched; level
aster law than the low the benchmark UR* not attained
macro record late in calm; the point
level Uy = A\* (k = 0.35)
lies below the two-point
menu’s re-anchoring floor
and is not attained
Bollerslev the risk-neutral mean U;/\* ~ 3 over calibrated tar-
and Todorov jump tail exceeds the computed record—a get
(2011) the statistical one single-path statistic, not
(a fear premium), a stationary mean (1.5-
time-varying 1.6, k¢ ~ 0.53-0.57, en-
tering disasters); spikes
4.5-4.8x (ky ~ 1.60-
1.70), inside the doc-
umented 3.2-4.8 crisis
band
Bollerslev rare-event compen- diffusive compensation is structural
and Todorov sation is a large fixed at ao? = 0.14%/yr, implication;
(2011) fraction of the eq- so any sizable equity premium level
uity premium premium here is dis- unsolved
aster compensation; its
level and share carry the
valuation-jump ratio
(B28), not solved quanti-
tatively
Andersen the tail factor DRP; loads on U; while qualitative
et al. predicts the equity o is held constant, so the implication of
(2015b) premium; volatil- volatility loading is zero the restricted
ity does not by construction calibration
Andersen the tail factor is post-crisis wave half-life achieved mo-
et al. far more persistent of U; ~ 12 years on the ment
(2015a) than volatility computed record > the

far shorter-lived volatil-
ity factors
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A. Similar spot tails, different forward slopes
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B. Resetting records changes the 12-year forward tail
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Figure 3: The forward slope across records. Top: the calm-conditional forward tail
F2(s)/Us for the twenty-nine sampled sixty-year histories in a narrow comparison window
inside the post-disaster band, S/ € [0.55,0.70); the sharpest near-match (bold: AS" = 0.001,
two and twenty years since the last disaster) differs by 5.8 percentage points in the twelve-year
slope. Bottom: each history’s twelve-year record wedge [Fjeset — [actual] / Freset aoqinst its spot
state, marker fill coding time since the last disaster (filled: within seven years; gray: seven to
fifteen; open: longer); positive wedges mean resetting raises the forward tail, negative that it
lowers it; the star is the constructed theorem witness of Figure 2, not a typical sampled state.
One hundred fifty independent sixty-year histories from the calibrated initial condition (a finite-
history ensemble, not draws from the invariant law) at the calibration of Table I; construction,
regressions, and the locked-destination regime in Internet Appendix ?7.
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Table III: The forward slope across sampled records. One hundred fifty independent
sixty-year histories at the calibration of Table I. Slope is F,Y(12)/U; — 1; cross-record dis-
persion is its standard deviation within band after residualizing on S; the record wedge is

[Frreset — practual] /freset ot twelve years. Panel A reports moments of the simulated histories; the
constructed witness appears only in the note.

Band (S/) Histories Median slope Cross-record dispersion ~ Wedge, % (q10/
Deep calm, [0,0.10) 73 —0.001 0.007 04 /1.1/3
Transient middle, [0.10,0.40) 2 —0.133 — —5.5, =5.4 (two h
Post-disaster, [0.40, 1] 75 —0.228 0.019 -38/-13/
Panel B: within-band regressions of the twelve-year slope (model-implied R?, sampled histories)

Region Baseline Added record proxy R?: base — augmented IQR effect
Post-disaster Shi time since disaster 0.64 — 0.92 +5.3 pp
Deep calm Shi deadline-proximity mass 0.87 — 0.99 —0.10 pp

The constructed witness of Figure 2 lies in the transient band: S™ = 0.21, wedge
16.2%—a constructed benchmark, not a sampled history.
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