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Abstract

We develop a continuous-time model of forecasters who retain a model un-
til post-adoption data fail a repeated-significance test. Adoption resets the
test record, while the state used to choose the next model remains frozen
until rejection. Two forecasters can hold the same model and issue the
same forecast yet face different laws of reconsideration. We show that the
held model—and any fixed-prior posterior over a static menu—can omit
the state governing the next change. Adding the since-adoption statis-
tic, record age, and carried re-selection state restores finite-dimensional
Markov dynamics. The age marginal of the reconsideration law defines
an endogenous belief hazard. A joint law separates when reconsidera-
tion occurs from what model and report follow. In the crash channel, at
one common tolerance, identical reports and report durations can con-
ceal different report-change laws. Even a correctly specified model can be
rejected recurrently, generating power-law test-record spells. The record

under which a belief survived is itself an economic state.
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1 Introduction

A forecast reports what a forecaster believes today. It need not reveal how close that
belief is to changing. Two forecasters can issue the same inflation forecast or assign
the same probability to a disaster. One may have just adopted her model, while the
other has held it through a record near the edge of its retention range. Their reports
agree, but their revision exposure differs. This paper asks: what state governs the
next reconsideration, and when does that hidden state reach the report?

We develop a continuous-time repeated-significance model built on the one-shot hold—
test-reconsider primitive of Ortoleva (2012). The protocol separates when a model is
reconsidered from what replaces it. A test record determines when the incumbent is
reconsidered: only data observed since adoption are compared with the incumbent’s
own retention range. A carried re-selection state determines what follows: it remains
frozen within the spell and updates from the completed record only after rejection.
The incumbent is therefore not continually ranked against the alternatives. At an
exit, the forecaster chooses the next model and may silently re-adopt the incumbent.
In short, the test record restarts; the re-selection state remembers. We study two
transparent channels—a Gaussian trend and a Poisson disaster rate—with tolerance
for surprise determining the test size.

With a fixed prior over a static menu, a Bayesian posterior uses the full public sample
and is a natural continuation state. Under reset testing, matching posteriors need
not imply matching laws of reconsideration. The held model says what the forecaster
believes; the adoption-dated statistic and record age say how close she is to recon-
sidering it. We call the full conditional law of the next internal exit fragility; its age

marginal is the endogenous belief hazard.! An internal exit reopens model choice. It

IThis use of fragility differs from the fragile beliefs of Hansen and Sargent (2010), which arise
from concern about model misspecification.



can change the model and report, or it can end in silent self-re-adoption. Throughout,
revision without a qualifier means this internal event; model and report changes are
named separately.

Our central result is a failure of state sufficiency. In each canonical channel, we
construct a positive-probability domain on which neither the held model nor any fixed-
prior posterior over the static menu determines the next internal-exit law. This does
not make the full public history insufficient: with known primitives and initialization,
the operative state is reconstructible from that history. The next-exit law closes
on the held model, since-adoption statistic, and record age, and each coordinate is
necessary on the canonical witness domains. Adding the carried re-selection state
closes what follows an exit and yields a finite-dimensional Markov state under the
maintained regularity and non-explosion conditions. The mechanism is simple: the
same current model can have different revision exposure because it survived different
adoption-dated records.

We next derive the joint law of the exit time and what follows it. This law separates
when an internal exit occurs from which model and report follow. In the crash
channel, two histories at one common tolerance can share the held model, every fixed-
prior posterior, the current report, and report duration, yet imply different short-run
report-change laws. What is reported today need not reveal how long it will last.
An observer who does not see the adoption history can restore sufficiency by filtering
over the latent protocol state. With any fixed finite support of latent types, the exact
filter is recursive. The state-sufficiency failure persists on an open neighborhood of
the constructed primitives, but we do not claim genericity.

Three implications follow. First, model identity can settle while the test state remains
active. Under the paper’s long-run conditions, the same model is eventually re-
selected at every exit even as its test record repeatedly terminates and restarts. A
stable report therefore need not be an absorbing state. Second, even a correctly

specified model is rejected recurrently under a fixed per-test standard. Internal test-



record spells have power-law tails in both channels. At conventional test sizes, the
trend-channel mean spell length is infinite; internal exits then become asymptotically
sparse in calendar time after consolidation. These statements concern internal spells,
not model, report, or forecast tenure. Third, record age, held-model duration, and
report duration are distinct clocks. They need not carry the same information about
future change.

We isolate the individual state problem and its report-facing consequences. The mon-
itoring schedule, holder-specific reset, first-look convention, and re-selection rule form
an independent behavioral primitive; we do not derive their optimality or uniqueness.
Heterogeneous tolerances provide a separate common-path mechanism that staggers
adoption dates. The extended working paper (Teguia, 2026) develops the resulting
cross-sectional flow and illustrative macro-finance applications. Section 2 defines the
protocol, and Section 3 develops its state and observable implications. The appen-

dices contain the stochastic foundations and all proofs.

Related literature

The behavioral primitive is closest to Ortoleva (2012): hold one model while its own
record looks ordinary and reconsider it when that record rejects. Menzies and Zizzo
(2009) introduce the related idea of inferential expectations, and Ortoleva (2024)
surveys the subsequent work. We study the dynamic system created by repeated
testing, post-adoption reset, and exit-only re-selection. A static band does not iden-
tify that system: switching costs can generate the same one-shot geometry (Cohen
et al., 2019). The mechanisms differ dynamically through silent self-re-adoption, dis-
tinct report and record clocks, and power-law test-record spells. Evidence on discrete
forecast adjustment (Khaw et al., 2017; Henckel et al., 2022, 2025) motivates these
objects without identifying this protocol. Weinstein (2017) provides a complementary
lifetime-budget benchmark: when paradigm shifts have small total prior probability,

the resulting dynamic inconsistency is bounded. An alpha-spending schedule imple-



ments such a lifetime budget (Lan and DeMets, 1983); the maintained per-test rule
deliberately does not impose it.

Finance models of belief dynamics typically make the current posterior, perceived
parameter, or systematic distortion the state. Bayesian models of disasters and per-
sistent risks carry forward the posterior or perceived parameter (Wachter and Zhu,
2025; Dew-Becker et al., 2025); diagnostic and extrapolative models carry a distor-
tion (Bordalo et al., 2018). Those papers ask how beliefs respond to information. We
ask whether a current belief summarizes its own law of change. In Baley and Turen
(2025), lumpy reports reflect infrequent adjustment of an underlying belief that moves
continuously. Here the report can remain fixed while the hidden test state moves and
resets. Recent evidence that inference and forecasting can use different heuristics
reinforces the distinction between an internal belief state and its report (Fan et al.,
2026).

The state question also connects to prior sufficiency, divisibility, path independence,
and coarse Bayesian updating (Sarnoff, 2025; Cripps, 2018; Basu, 2019; Jakobsen,
2026). The likelihood update at an exit is Bayesian; the non-Bayesian force comes
from stopping and resetting the record. A static-menu posterior does not retain the
adoption-dated record read by the test. A Bayesian observer can recover sufficiency
by filtering over the augmented state, in the spirit of run-length filtering (Adams and
MacKay, 2007). Rogers and Pitman (1981) and Kurtz (1998) provide the Markov-
functions and conditional-distribution benchmarks. We use them to frame when a
reduced state can remain Markov. The model-specific non-closure argument is the
direct comparison of two histories.

The generalized-adjustment-hazard and first-passage literatures provide complemen-
tary benchmarks. Caballero and Engel (1993, 1999, 2007) map a unit’s state gap into
an adjustment probability and aggregate it against the cross-section, while Alvarez
et al. (2022) develop random-cost and information foundations. Forecast-adjustment

hazards are often indexed by a Bayesian gap (Khaw et al., 2017). Here the clos-



est micro object is full-state fragility, not the age hazard alone: record position and
record age jointly govern the next internal exit. First-passage methods are classi-
cal (Aalen and Gjessing, 2001; Lee and Whitmore, 2006); the economic difference is
that self-re-adoption can reset the relevant state without changing the held model or
report.

Finally, the nearest dynamic model-selection papers trigger revision through relative
fit or validation. Cho and Kasa (2015) use a time-varying threshold that can spare
a correct model, and Ba (2026) study persistence under relative-fit switching. Our
mechanism is different. Likelihood learning over a model set supplies only the long-
run selection benchmark (Esponda and Pouzo, 2016; Fudenberg et al., 2021); it is not
the revision mechanism. The carried re-selection state updates only at exits. Within
a spell, the incumbent is tested against its own fixed-size retention range and can fail
even when no rival fits better. Recurrent rejection of a correct model is therefore a

repeated-testing force (Anscombe, 1954; Robbins, 1970), not a misspecification result.

2 The rule in continuous time

The model separates two memories. The test record determines when the held model
is rejected; the carried re-selection state—the ranking p over the menu—determines
what replaces it. The first restarts at adoption and evolves within a spell; the second
is frozen between exits and updates only from completed-record likelihoods. This
section defines the menu, record, retention range, first exit, re-selection, and reset.
It also maps each result to the clause of the repeated protocol that generates it.

Appendix B contains the stochastic foundations.

2.1 The record and the range

Fix a probability space carrying the data, with P* the physical law and (F;):>o the

filtration generated by the observed path. The forecaster observes the path continu-



ously. We state her rule in three parts.

Setup. The data are a process X = (X;);>0. The forecaster entertains a finite menu
of models © = {0,...,0k}, each a candidate law for X on (F;), and a second-order

belief p € A(O) ranking them. She holds the top-ranked model

. . 0, 0~ € argmaxyee p(0),
0 = Sel4 (pn 9t‘)7 Sel<(p,07) ==

min_ arg maxgeg p(0), otherwise,

(1)
with < a fixed exogenous order on ©; at t = 0, with no incumbent, by =
min_ arg maxy po(€). The incumbent is retained if it remains a maximizer; otherwise
the exogenous order selects one maximizer, so 6, is single-valued and (F:)-adapted

on its face.? Let o; be the last time she revised (or 0), so that
ay = t— O¢ (2)

is the age of her current test record and X, the data observed since she adopted
the current model. This post-adoption sample is the model’s test record. We require
the menu laws pairwise mutually locally equivalent on (F;), so their record laws admit
Radon-Nikodym densities relative to a common dominating measure and the cross-
menu likelihood ratios in (8) are well defined (Appendix B); in the canonical channels
the corresponding objects are a Lebesgue density and a probability mass function

respectively.

What she monitors. The candidate models disagree about one feature of the
record: average growth in the trend channel and the disaster count in the crash

channel. Let T, denote a maintained sufficient summary and ff its held-model density

2Data-induced ties at fixed times are P*-null under the continuous record law; a carried tie, frozen
through a spell, is resolved by the order; and in the counting channel ties have positive probability
outright, so the order is substantive there, part of the rule. No almost-sure statement below turns
on tie-nullness at the stopped re-selection times, and the results hold for any fixed choice of order.



or mass function. Under Assumption 1, T} is in one-to-one correspondence with the
additive statistic S, at each age. In the Gaussian drift and Poisson intensity channels,
(Tu,a) is minimal sufficient and Markov under every menu law (Appendix B). We
use z, for the two-sided standard normal critical value, P(|Z| > z,) = a, and A\*
for the physical crash intensity; the physical trend parameters are p* and o. The
record accrues from adoption. In the trend channel, a finite-resolution implementation
makes formal looks only after a minimum evaluation age ay > 0, at the schedule
Asa = {ao+ 7o : j € No}. The fixed-age regions below are the recording-cell limit,
and the maintained continuous rule is the fine-mesh limit along a nested sequence
0 | 0 with ag fixed. Thus ay delays the first formal look, not the accumulation of
evidence. The crash channel is monitored at arrivals and deterministic band-step

dates and needs no delayed first look.

Assumption 1 (Exponential-Lévy menu). The menu is an exponential family of
Lévy processes: there is an additive sufficient statistic S,—a Lévy functional of the
record, with (T,,a) a one-to-one function of (S,,a)—the summary recovering S, at
each fized age—such that for any two menu laws the record’s likelihood ratio through
age a has the Wald form

dP?

| o) S — a (g — ). 3
aP7 |, exp((no — 1) a (Yo — o)) (3)

a pathwise function of (S,,a). For each ordered pair (0,0) choose the right-
continuous likelihood-ratio martingale A%? ; the identity then holds P? -a.s. simulta-
neously for all a > 0, with the null-set and version conventions fixed once and for all
in Appendiz B. Here ng is the canonical parameter and g the cumulant normalizer
of model 6—only the differences 1y — g enter, so the normalizers are fived up to

one common shift, and the channel instances below take the natural gauge.

Assumption 2 (Regular retention implementation). For each (0, a,a) let Agq(a)

be a Borel subset of the summary space. The graph {(0,a,a,s) : s € Apa(a)} is



measurable; for the maintained summary process the first exit from this family is
a stopping time; and the reset and re-selection maps are measurable. The channel-
specific conventions at deterministic band steps and boundary contacts are those stated

below.

The assumptions do different work. Assumption 1 governs likelihood structure; As-
sumption 2 governs retention geometry. In the Gaussian trend channel, Ay ,(a) is the
exact-mass highest-density interval. In the Poisson crash channel, it is the probability-
ordered Sterne prefix of mass at least 1 — «, with the tie-breaking and right-continuity
conventions stated below.

Both canonical channels satisfy Assumption 1. In the trend channel, S, = X,, s =
po/o?, Yy = p2/(20%), and T, = X, = S,/a. In the crash channel, S, = N,
ng = log \g, Y9 = g, and T, = N,,.

Two consequences matter. First, (7, a) is minimal sufficient and Markov under each
menu law, so (é, Sa, @) is finite-dimensional. Second, at a realized finite revision, the
stopped-record likelihood ratio is the Wald factor (3) evaluated at the exit age 7.
Identifying this pathwise value with dP’/dP?|r. also requires the two-law finiteness
condition of Lemma B.3; Assumptions 1-2 alone do not supply it. The exponential-
family Markov structure follows Kuchler and Sorensen (1989); Kuchler and Lauritzen
(1989). Outside the exponential-Lévy setting, the raw post-adoption path is the
natural operative record. Our non-factorization and coordinate-necessity results are

established only for the Gaussian trend and Poisson crash channels.

2.2 The trigger and the restart

Two objects remain: the first exit from the retention range and the re-selection that
follows. The first resets the test record; the second updates, but does not reset, the

carried ranking.



When she abandons it. Fix a tolerance o € (0, 1), the nominal size of the re-
tention test. The forecaster keeps her model while the monitored summary remains
ordinary and abandons it at the first failure. In the canonical channels the calibration
below is well posed because the summary has either a continuous unimodal density
with null cutoff level sets or a lattice law. Outside those channels, Assumption 1
alone does not select a region; the retention family is taken as given.

The ordinary range contains the outcomes the held model finds most likely and carries

probability 1 — a:

Av@) ={a: @) > cala)},  A"(a) = {ngy, - N b

(4)
ko(a) = min{k: D r<k Py (@) 21— a}.

The continuous region has mass exactly 1 — a. The counting region is the prefix of
integers ordered by descending mass, with ties broken toward the smaller count; it
is the probability-ordered Sterne region. We write A, (a) for the channel-appropriate
region.

The dynamic crash rule uses the right-continuous modification A% (a) := A(a). It
differs from the fixed-age region A™"(a) only at two locally finite sets of ages—taking
the one-atom enlargement at a mass-attainment age and the post-swap prefix at a
rank-swap age (Lemma B.5)—and the modification changes only predictable-atom
bookkeeping.

Throughout, « is the nominal test size: the fixed-age rejection probability is ex-
actly « in the continuous channel and at most « in the counting channel, generally
strictly, the lattice’s conservatism; fized-size below means this fixed nominal calibra-
tion. Throughout the crash channel we take < 1—e™!, so the initial {0}-region ends
by extension, at A\a = — log(1 — ) < 1, before the first rank flip; at @ > 1 —e™! the
region passes through the killing singleton swap {0} — {1} at Aa = 1 and the crash-
channel survival law is degenerate; at equality the right-continuous region expands to

{0,1} instead, retaining the zero-count survivor.

10



We take the highest-density/Sterne region, closed, as the canonical probability-
ordered implementation of the one-shot primitive under the recording protocol.
Appendix B establishes its fixed-age optimality and records which results use this
exact selection. Proposition B.1 assembles that argument. In the crash channel,
abandonment occurs outside the region or at a scheduled floor passage. In the trend
channel, the spell ends at first boundary contact: the fixed-age boundary is null, but
the stopped value lies on it. A larger « tightens the band; “tolerance o” is the type
label and is decreasing in «.

In the trend channel, the finite-resolution first-exit time is
0= 1inf{a € Asay ¢ [Yal > 20}

Along a nested sequence of meshes ¢ | 0, continuity of the trend record gives the

maintained continuous-monitoring limit. The two canonical exit ages are therefore
Ttr:inf{aZaO: |Ya| Zza}, Tcr:inf{aZO: NagéA‘;r(a)}, (5)

where Y, := v/a (X, — j1)/o. The trend continuation set is the open interior of the
closed fixed-age region, so exit occurs at first boundary contact. Crash membership is
read from the right-continuous region at disaster and scheduled-step dates. We write
both exit ages as 7 when the channel is understood.

The first-look age ag belongs to the evaluation schedule, not to behavioral type.
It is strictly positive for a diffusive record, because continuous testing from adoption
would reject even the truth at arbitrarily small ages (Lemma B.4); it is zero for a
counting record, whose initial zero-count floor prevents an early lower exit. Evidence
nevertheless accumulates from adoption in both channels. Corollary 3 shows that
changing only a bounded startup segment changes the onset atom and finite-age
law, but not the correct-model tail exponent or, in the consolidated correct-model

regime, recurrence. The exact trend onset atom, the trend history construction in

11



Theorem 1(i), and the trend part of Proposition 5 remain first-look-schedule specific.

In the two canonical channels,

disputed trend: Ay(a) = { }X’a — [Ll < z,0/\a }, Zq = <I>_1<1 — %),

disputed crash rate: Aa(a) = {la(a) < N, < ugla) }. (7)

Here X, is average growth, i the held drift, N, the disaster count, and ) the held crash
rate. The crash endpoints have no elementary closed form: A, (a) is the integer Sterne
region for N, ~ Poisson(Aa) (Sterne, 1954; Crow and Gardner, 1959). Lemma B.5
gives its step construction and asymptotic shape.

A crash-channel spell makes the geometry visible. The count moves against a staircase
acceptance region, can exit over the ceiling at a disaster, restarts at the singleton
{0} after adoption, and can later be overtaken by the rising floor. Thus the region
evolves with age, every spell starts from a fresh origin, and upper and lower exits

occur through different timing channels.

What she does next. After an exit, the forecaster re-ranks the menu using the

completed test record and adopts the new front-runner:

pl(e) X L9(X(0,0+T}) p(@), é/ = Sel (plv é)7 (8>

where LQ(X(,,,HT]) is the likelihood of the completed post-adoption record under
model 6. The test record restarts; the ranking carries forward and moves only at
exits. Sequential re-ranking over completed records equals re-ranking on the full
history (Appendix B).

Globally, let o(t) := sup{oy : ox < t} be the last adoption date and a; :=t — o(t) the

12



age. The additive since-adoption statistic is

Xi; — Xo@), trend channel,
S8 = (S;°%,a;) — (0,0) at a revision,
N; — Ny(y), crash channel,

and for a > 0 the monitored statistic is the derived object T, = t(S,, a), with T, =
Sa/a in the trend channel and T, = S, in the crash channel: S, is the globally defined

state coordinate, T, its positive-age representation, retained in the band displays.

Assumption 3 (Independent repeated-significance monitoring). Conditional on re-
taining model é, the agent (i) evaluates the same nominal size-a ordinary-range test
at every scheduled look after the channel’s first-look age and, in the trend channel,
uses the continuous fine-mesh limit described above; (ii) abandons at its first failure;
and (i1i) resets the test record, but not the carried ranking, at adoption. The nominal

size 1s calibrated age by age and is not a lifetime error budget.

Assumption 3 is the paper’s independent dynamic behavioral primitive, not an impli-
cation of Ortoleva’s one-shot representation and not an optimum derived here. Alpha-
spending rules or confidence sequences alter the time-dependent boundary, while an
e-process may alter the monitored process. None by itself removes the distinction

between a public posterior and a post-adoption test record.

Definition 1 (Surprise-governed belief revision). (i) Inputs. A menu © satisfying
Assumption 1—hence with pairwise locally equivalent laws and an additive sufficient
statistic; a retention family satisfying Assumption 2, taken to be the Gaussian highest-
density and Poisson probability-ordered Sterne families in the canonical channels; an
initial ranking po; a tolerance o € (0,1); a recording and looking mesh 0, which en-
ters through the fine-resolution region selection of Proposition B.1 and the scheduled-
look approximation above, and disappears in the nested continuous-time limit; and

a first-look age ag > 0, required strictly positive in the trend channel—where by

13



Lemma B./J(ii) monitoring from adoption makes the first exit immediate—and per-
mitted to vanish in the crash channel, whose initial band is the singleton {0}.

(ii) Within-spell monitoring. The forecaster holds the model selected by (1), ini-
tialized at the <-minimal mazimizer of py. She monitors the held model through the
summary T,, of its test record and abandons it at the first exit (5) from the ordinary
range (4).

(iii) Reset and the global process. At each revision she re-ranks and re-adopts
via (8), restarting the since-adoption record. Let ¢ := limg_ o0 € (0,00] de-
note the accumulation time of the revision sequence. The resulting state process
Z, = (0,, S°8, ay, pr) —held model, additive since-adoption record, age, and ranking—
1s defined fort < ¢ and sent to a cemetery state thereafter; it is the surprise-governed
belief process, and for a; > 0, T,, is its derived monitored statistic. A generic mea-
surable retention family can reject its own reset state and cascade, so ( < oo is not
excluded at this generality, Lemma E.2 gives ( = oo almost surely in the canonical

channels.

Outside the finite-dimensional exponential-Lévy setting, the raw post-adoption path
is the natural operative record. Assumptions 1-2 give finite-dimensional pre-exit
sufficiency and Markov closure up to the explosion time (. In the canonical Gaussian
and Poisson channels, Lemma E.2 gives ( = oo almost surely. Coordinate necessity

is established for the two canonical retention families.

Remark 1 (One-shot primitive, dynamic primitive, and result hierarchy). Ortoleva’s
one-shot primitive supplies hold—test-reconsider. Assumption 3 independently speci-
fies the dynamic monitoring schedule, first-look convention, holder-specific reset, and
fixed per-test calibration; the selector and carried ranking complete the global rule.
Reset makes the operative record relevant, and record-sensitive age-varying bands
generate the coordinate witnesses of Theorem 1(ii). Assumption 1 supplies the fi-
nite likelihood state and Assumption 2 the stopping-and-reset kernel. The ranking

generates consolidation, while repeated fixed-size monitoring generates recurrent re-
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jection and test-record-spell tails. Proposition B.1 identifies the probability-ordered

retention geometry used in the two canonical channels.

The rule combines a Bayesian subroutine with a non-Bayesian stopping policy. Like-
lihood re-ranking at an exit is Bayesian. Between exits, however, the held model and
ranking are frozen and an incumbent-specific gate reads a test record reset at adop-
tion. The same fixed-prior public posterior can therefore imply different continuation
behavior.

The fixed per-test size is the clause behind recurrent rejection and power-law test-
record spells. A lifetime error budget (Weinstein, 2017) instead changes the time-
dependent boundary through alpha-spending (Lan and DeMets, 1983), uses a confi-
dence sequence (Howard et al., 2021), or changes the monitored process to an anytime-
valid e-process (Ramdas et al., 2023). These alternatives need not reproduce the
renewal results studied here. We retain the per-test interpretation throughout.

The protocol is now fixed. We turn to the law of the next internal exit and the state

required to predict it.

3 The missing state and its consequences

The results follow one chain. The held model and a fixed-prior posterior can omit
the state that governs the next internal reconsideration. The test record and its age
repair the pre-exit state, while the carried ranking closes re-selection and the report
mark. An observer can filter over the augmented state. Age then closes the average
hazard, not holder fragility. Finally, model identity can consolidate while records

renew, and correct-model test-record spells are heavy-tailed.

3.1 The test record is the missing state

The held model and the test record answer different questions. The first says which

candidate currently wins; the second says how close that candidate is to failing its own
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test. We call the conditional next-internal-exit law fragility. The theorem proceeds
in three steps: failure of the usual summary, repair by record and age, and global

closure after adding the carried ranking.

Definition 2 (Fragility and continuation sufficiency). (i) The kernel. Let opex(t) :=
inf{oy : o > t}, with inf @ := oco. For each admissible initialization ¢, fix on the

canonical path space a reqular conditional probability kernel
Q;L(w,B) = Pf(dnext(t) —teB ‘ ]-"t)(w), B € BR,), R, :=][0,00],

on the extended half-line because finiteness of the next exit is proved only later (Propo-
sition E.1) and the definition should not presuppose it. For a public history hy write
Q% p,. Jor the value of that fized version there. The kernel so fived is the holder’s
fragility; in the canonical channels it assigns zero mass to +o0o by Proposition E.1.
Fizing a version matters because in the continuous channel an exact history is a null
event, so conditional probabilities are unique only up to modification.

(ii) Factorization. A summaryY; =Y (hy,¢) is continuation-sufficient on a domain
D if there is a Markov kernel K with Qf,, , = K(Y;, -) for P*-almost every history in
D, or for every history in an explicitly constructed support where a version is specified.
The indexing is by history and initialization rather than by a state, because whether
a given state closes the continuation law is exactly what is at issue: conditioning on
a summary in advance would average over the histories whose difference the theorem
exhibits. Once Theorem 1 establishes closure we write the closed kernel as QF(- | 5).

(iii) Relation to the age hazard. The age hazard of §3.2 is the survivor-fibre
marginal of fragility, obtained by averaging over record positions—a derived scalar,

not the kernel itself.

Theorem 1 (The surviving record is a state variable). Throughout, for a public data
history hy—the observed path through t—and an admissible holder initialization 1—the

holder-specific reset date and initial operative state—uwrite Zy(hy,1) = (0;, Si%, ay, pr)

16



for the resulting operative state, B} (hy) for the posterior obtained by updating a fized

prior v over the candidate laws on the public history, and Q) ,, , for the physical-law

conditional distribution of the remaining time to the next internal exit.

(1)

(i)

Existential one-holder non-closure. In each canonical channel there exist a finite
menu, a tolerance, a rule of Definition 1, a physical law in the same canoni-
cal family, and one admissible initialization for which, for every fized prior v
over the candidate laws, fragility does not factor through (ét, BY). In the crash
channel, two positive-probability cylinder events for one holder share (Ny,t) and
the held model but have different fragilities. In the trend channel, there exist a
positive-probability event and a positive-measure set of terminal values X; = x
such that the fized reqular conditional law assigns positive probability to both
central and near-boundary fresh-record neighbourhoods, whose continuation laws
differ. In neither channel is (ét,ﬁf) continuation-sufficient: no Markov kernel

K" satisfies Qr),, = K”((ét, BY),) on the constructed admissible domain.

Pre-exit sufficiency and canonical coordinate necessity. Fix either maintained
data channel, a physical law in the corresponding family, and a rule satisfy-
ing Assumptions 1-2. The pre-exit continuation law is measurable with respect
to (é, Sa,a)—here and below S, denotes the additive since-adoption statistic
S™8 evaluated at age a—and is finite-dimensional under Assumption 1. For
the canonical Gaussian highest-density and Poisson probability-ordered Sterne
retention families, the proof constructs admissible witness pairs showing that
neither S, nor a can be omitted; the held-model coordinate cannot be omitted on
the constructed overlap domains—admissible states whose model-specific bands
overlap, so (Sg,a) does not mechanically reveal é—contaim’ng two held models

with different continuation kernels at a common (S, a).

Markov closure. Under Assumptions 1-2, a physical law in the maintained fam-
ily, and non-explosion of the reset sequence—which Lemma E.2 supplies in the

canonical channels— (0, S;°%, as, py) is a finite-dimensional Markov process—
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piecewise-deterministic (Davis, 1984) in the crash channel, a boundary-reset
diffusion in the trend channel: between revisions the since-adoption statistic
and the age follow their autonomous dynamics, and at a first exit (S, a) resets
to (0,0) while (6, p) updates as a measurable function of (0, p,S.,7) through
the pathwise Wald likelihood factor evaluated at the finite exit, together with the
measurable reset selector of Assumption 2—the incumbent entering because Sel 4

retains it among maximizers, which the counting channel’s ties make operative.

Part (i) is the missing-state result: one held model and one fixed-prior static-menu
posterior can coexist with different next-internal-exit laws. Part (ii) repairs the pre-
exit state with the held model, record content, and record age; each is needed on
the canonical witness domains. Part (iii) adds the carried ranking because it governs
re-selection after an exit.

The mechanism separates two statistical questions. The public posterior asks which
candidate best fits the full public sample. The test record asks how close the in-
cumbent is to failing its test since the latest adoption. The answers need not move
together. With known primitives and initialization, the full public path still recon-
structs every exit and the operative state. The theorem concerns the reduced current
summary, which compresses away a coordinate that changes the next-internal-exit
law. The nontrivial content is therefore not merely that the stipulated rule reads a
record: the theorem identifies an exact finite Markov augmentation, proves coordinate
necessity on canonical domains, and establishes positive-probability non-factorization
under one initialization. Proposition 1 closes the timing-and-destination law, and
Proposition 4 tests the stronger observable summary by adding tolerance, report

identity, and report duration.

Proposition 1 (Marked continuation and report-change recursion). Fiz the main-
tained primitives, including the tolerance and report map, and maintain the Markov
closure of Theorem 1(iii). Let Ez denote the non-cemetery state space of Z. For

a current state z, let T be the remaining time to the next internal exit and let Z;
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denote the right-continuous state immediately after likelthood re-ranking, re-selection,

and record reset; set Z;" = & when 7, = co. There is a Markov kernel
K(z;B,C):=P,(r € B, Z} € C), B e B(R,), CeB(ELU{d}).

For a maintained report map w : © — W, let W := WU {0w} and extend the state
report by

wz(2) :=wpry, ') (2 € Ep), Wz (0) := Ow.

Its report-marked pushforward
My (z; B, A) == K(z; B,w;'(A)), A€ BW),
satisfies, for every comparison date t,

P(0next(t) — t € B, wz(Z1,(t) € A| F) = My(Zy; B, A) a.s., (9)

where Z (1) is the post-exit state and equals O if no later exit occurs. The time
marginal is fragility: QX(B) = My(z; B,W). Thus (0, S™,a) closes when recon-
sideration occurs, while the carried ranking in the full state also closes what that
reconsideration selects and reports.

Let

= inf{oy —t: o) > t, w(b,,) # w(égé)}’ inf @ = o0,

and, on [0,00) X Ez, split K into silent and visible subkernels
Kb (2;ds,d?’) := 1{1{w(pry ') # w(pry 2)} = b} K(z;ds, d2'), be {0,1}.

For finite-time Borel sets B C [0,00), the law H,(z; B) := P,(7d* € B) of the neat

actual report change is the minimal nonnegative solution of the Markov-renewal equa-
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tion

Hy(2: B) = KL (2 B, Ez) +/ Ho(+: B — 8) KO (:ds, d),  (10)

[0,00)XEZ
where B —s := {u > 0 : s +wu € B}. Equivalently, H, = > - (K},)™ x KL, the

missing mass is P, (18 = 00).

The kernel separates when the next reconsideration arrives from what it selects and
reports. Corollary 1 reads the same separation across holders: one public path, shared

posteriors, records of different vintages.

Corollary 1 (Common-information illustration). Two holders on the same public
path can share the held model and every fized-prior public-history posterior while
facing different fragilities, because their operative records began at different adop-

tion dates: there exist a public history h; and admissible initializations v # (' with

ét(ht, L) = ét(ht, V) and By (hy) in common for every v, yet Qf,,,  # Qfy, -

After augmenting by the public likelihood state and killing the current spell at its
next internal exit, Dynkin’s criterion would require the killed continuation law to
be constant on every compatible same-summary fibre; Theorem 1(i) violates that
condition, and under the maintained initialization the proof also supplies two histories
in the reduced process’s own filtration ending at the same current reduced state
with different future killed laws. Rogers-Pitman and Kurtz frame these strong and
initialized benchmarks; a history-dependent, measure-valued observer filter remains
available. Appendix A states the exact projection benchmarks.

Theorem 1 is existential, but not knife-edge. Corollary C.1 in Appendix C shows
that the strict separation survives small changes in the menu, physical law, tolerance,
and initial ranking: in the channel-specific parameter charts fixed there, the non-
factorization and the killed projection’s fibre-constancy failure persist on an open
neighbourhood of the constructed primitives, with an a-section that is a nondegener-

ate interval. The conclusion is local robustness in those charts—no residual, generic,
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or full-measure statement is made—ruling out only the reading that the failure is an
artifact of one numerical menu or of an exact equality in the construction.

The full continuation kernel is the state object, but a scalar orders short-horizon
fragility. In the trend channel it is age-scaled squared distance to the nearest bound-
ary. In the crash channel it is the number of arrivals needed to cross the ceiling.

Smaller values mean greater exposure in both channels.

Proposition 2 (Channel-specific short-time fragility indices). Write 7™ for the
remaining time from the current state to the next internal exit and q,(h) = P, (7™ <
h).

In the trend channel, suppose the state is actively monitored: a > ag and |y| < za,

where y = (S, — fpa)/(o+v/a). Then

‘ 2
lég)lhlong(h) = —31(2), I(z) :==a(z — |y])".

In the crash channel, suppose the current age lies in the right interior of a deter-

ministic band plateau and S, € [lo(a), uq(a)]. Then

1 h

o ogh =r(z), r(z) == uq(a) — S, + 1.

Different indices on one coarse fibre are sufficient for different killed kernels.

Equality of indices is not sufficient for equality of continuation laws.

Remark 2. The index is a one-way certificate and is used only in that direction. It
is a leading small-time logarithmic exponent, so states sharing an index may still
differ at ordinary horizons, in the far boundary, in the drift, or in the re-selection
law; equality of indices is not claimed to imply equality of continuation laws. Its use
here is diagnostic: it converts a distributional comparison into the comparison of one
number per state, and in the trend channel that number is the squared boundary

distance in age-standardized units.
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The exact repair is a posterior over augmented protocol states.

Remark 3 (Observer information and the augmented-state filter). Let = collect every
holder primitive unknown to the observer—including, as applicable, initialization,
tolerance, and initial ranking—with prior wy on a standard Borel type space. For
each type &, the known protocol and observed public path recursively generate Zf =
(&, Upy) = (05,55, at, pt), where U, = (t, X,) in the trend channel and U, = (¢, N,)
in the crash channel. For a maintained report map w, let Rt = w(éf), R; = R7, and

define

Zt:(UtaZtE)E)a E:(UtaRt)a Ot:U(}{S:OSSSt% ( )
11
Ht - Z(Zt | Ot)

The measure-valued process 11, is the exact observer filter. The baseline treats holder
primitives as noncausal for future public innovations conditional on the observed
initial public state; Proposition A.1 also records the likelihood-weighted formula when
that exogeneity fails. Markov closure makes the filter continuation-sufficient: if g,(h)

is the current-spell exit probability from augmented state z, then

P(onext(t) =t < h | O) = /qz(h) I1,(dz). (12)

If = is known, the filter is degenerate and the full public path reconstructs the oper-
ative state. Theorem 1 therefore concerns the reduced current summary, not hidden
state relative to known primitives and the full filtration. Appendix A gives the precise

Kurtz filtered-martingale formulation and its filtration qualification.

With finite latent support the filter is an exact finite-dimensional recursion: propa-
gate each surviving candidate state on the public increment, weight by the public-
path likelihood when required, eliminate a candidate at its first report mismatch,
and renormalize (Proposition A.1, Appendix A). The observer’s next-internal-exit
probability is then the prior-weighted average of the component probabilities, with

short-time order governed by the extreme component index, and the same appendix

22



gives the conditional mixture-dimension bound over an expressly enlarged observer-
prior class—a simplex-rank statement, not a common-origin reachability theorem.

We now turn from the full-state continuation law to its age marginal.

3.2 Age closes the average hazard, not holder fragility

Fragility is a state object; the endogenous belief hazard is a duration object. Fragility
conditions on the holder’s full operative state. The hazard conditions only on survival
to record age a and averages over the record positions that survive that long. Age
can therefore support a well-defined duration model without identifying which holder
revises next. Its absolutely continuous part is

1
h(a)zlAlrféZIP(TE(a,a%—A]|T>a), (13)

the age hazard of the internal test-record-spell length 7. The full hazard is a measure.
In the trend channel it also has an onset atom at ag: paths already outside the
band when monitoring begins exit immediately. The atom has mass « under correct
specification and P*(T,, ¢ A.(ag)) otherwise. In the crash channel, deterministic
floor steps add atoms at scheduled ages (Appendix D).

The hazard is derived from the first-exit law, not imposed. The corresponding full-
state object is fragility—the remaining-time law conditional on the test record—while
h(a) is only its age marginal. Because crash-channel exits can include predictable
atoms, the common cross-channel object is the continuation kernel and its hazard
measure, not an everywhere-defined scalar intensity; the comparison with generalized
adjustment hazards is recorded in Appendix D. Given the common environment,
held model, tolerance, and age, the next corollary closes the duration object. Those
coordinates do not close holder fragility because records in one age cell can lie at

different distances from exit.

Corollary 2 (The hazard closes; the fragility does not). Fiz a rule of Definition 1
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in either canonical channel and a held model 6.

(i)

(i)

The test-record-spell law of T from adoption—hence the marginal hazard h
of (13) and, in the crash channel, the atom dates and masses of the hazard
measure—is determined, conditional on a fized physical law and recording
environment, by (é,a): at every age off the deterministic atom dates it is
a function of the coarse coordinates (é,a,a), and the hazard measure is so

determined at every age.

The Fi-conditional law of the next exit admits no (é, a, a)-measurable version.
In the crash channel there exist arbitrarily large step-free ages—Lemma FE.1—
at which the survivor law v, assigns positive mass both to the ceiling and to
positions at least two counts below it; at every step-free age at which v,{us(a)} >
0 and vo{x < us(a) — 2} > 0, the conditional upper-exit probabilities from the
two sets over (t,t + A] are respectively \*A + o(A) and o(A). In the trend
channel, for any maintained physical drift and any held drift and at every age a
after the first look, the following holds for every target error v € (0, %) there are
a log-age horizon n > 0 and an edge width &, > 0—those of Lemma D.1(ii) on a
compact age neighbourhood of a and the singleton held-drift set—such that, over
the calendar horizon H = a(e" — 1), the conditional probability of exit within
the next H wunits is below vy from every position in the centre neighbourhood
[—2a/4, 2o /4] and above 1 — ~ from every position in the edge layer, that is
whenever z, — 0, < |y| < zo; both sets carry positive survivor mass. The

conditional window-exit probability is therefore nondegenerate given (é, a,a).

An age-duration model can describe average exit rates and still miss large differences

in immediate revision exposure within the same age cell. This is not a null-state

artifact: the crash comparison uses positive survivor atoms, and the trend compari-

son uses sets with positive survivor mass. The next subsection maps hidden record

renewal into the model and report clocks available in data.
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3.3 DModel identity can consolidate while records renew

Long-run learning separates what settles from what keeps moving. The carried rank-
ing uses all completed records and can eventually keep selecting the unique relative-
entropy-closest supported model, the familiar Kullback—Leibler projection of misspec-
ified learning (Berk, 1966; Esponda and Pouzo, 2016; Fudenberg et al., 2021). The
fixed-size test starts anew after every adoption. Even a correct model eventually pro-
duces an ordinary fluctuation outside its band. Model selection can therefore converge
while the test record never becomes absorbing—the force of sampling to a foregone
conclusion (Anscombe, 1954; Robbins, 1970).

Other sequential procedures can avoid this recurrence only by changing the main-
tained protocol. A spending rule changes the boundary; an anytime-valid e-process
may change the monitored process (Ramdas et al., 2023). The fixed per-test rule
does neither. Proposition E.1, proved in Appendix E, combines consolidation with
continuing record renewal.

Before consolidation, an exit can change the held model, reported forecast, or base-
line action. After unique consolidation, every exit re-adopts the same model. The
test record and age reset, but the report and baseline action do not. Recurrence is
therefore non-absorption of the hidden inference state, not perpetual observed be-
lief movement. Observable long-run effects require entry, turnover, or decisions that
depend directly on fragility; the baseline contains none. Hidden renewal separates in-
ternal exits, held-model changes, and reported changes. The next proposition orders

both their counts and their durations.

Proposition 3 (Internal exits, model changes, and report changes). Let oy be the

internal test-exit dates and

NP = #{k : oy < 1}, NM =4tk oy <, é"k 7 é”ﬁ}'
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For a maintained report map w, let

NF = #{k :op < t, w(l,,) # w(QU;)}.

Write oM (t) and of(t) for the last model-changing and report-changing internal exit,

respectively, with value 0 if none has occurred, and define d¥ = t — o™ (t) and

df .=t —of(t). Then:

(1)

(i)

(i)

(iv)

NFE s the pathwise report-change thinning of N™, and N™ is the pathwise

model-change thinning of N™*.

The three durations satisfy

a; < dM < dF.

Moreover, a; = dM if and only if no self-re-adoption has occurred after o™ (t),
whereas a; = d® if and only if no report-invisible internal exit—neither a self-
re-adoption nor a switch to a distinct model with the same report—has occurred

after afi(t).

Under Proposition E.1, with a unique closest model of positive initial weight,
Nin® — oo while both N™ and N® are eventually constant almost surely. Con-

M

sequently dM,d? — oo, whereas a; returns to zero at infinitely many internal

exits.

The index and data-decomposition consequences of model- or report-invisible

mternal exits are recorded in Remark C.2.

A model-identity panel observes N and d; a forecast or action panel observes the

further thinning N and the coarser duration d¥. Report duration therefore bounds

internal record age from above, and surprise since the last visible change can span

several completed internal spells. After consolidation, model and report panels can

fall silent while the test record keeps renewing. A flat forecast path does not by itself

imply an absorbing inference state.
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Proposition 4 (Fixed-tolerance separation of the next report-change law). In the
crash channel there exist one menu, physical law, tolerance, report map, ranking, and
initialization, together with a comparison date t = 1, a horizon A > 0, and two

positive-probability cylinder events Ey, E;, such that on both events
a=01, 6, =10, R, =w(10), df=1,

and Y s the same for every fixed prior v over the menu, but the laws of the next
report change differ. More precisely, the construction can be chosen so that
P(rE<A|F)=1—e12 on Ey,

(14)
P*(rf! < A| Fi) < P{Poisson(10A) > 5} = O(A®) on E;.

Hence even conditional on the common test size, the held model, every fixed-prior
public posterior, current report, and report duration need not determine the short-run

report-change law.

The fixed-tolerance construction above isolates the omitted record in an observable
report-change law. Different test sizes provide a separate mechanism that staggers
reset dates on the same public path. The next proposition shows that this difference
need not be placed in the initial conditions: it arises with positive probability from
one model, ranking, prior, date, and data history. The working paper proves stronger

almost-sure common-path results.

Proposition 5 (Endogenous staggering). Let two agents observe the same public
record—differing only in their test sizes a; > «ay. They hold a fixed common menu
and prior and face no idiosyncratic agent-level noise. Both begin from a common
held model 6 and ranking p and run the rule of Definition 1. Write M (p, é) =
ming s 9)0 log{p(0)/p(0)} for the incumbent’s minimum carried log-odds margin.
In either canonical channel there exist an event E of positive physical probability

~

and a finite constant Cp—with M (p,0) := 400 when no alternative model carries
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positive mass— such that, whenever M(p,0) > Cg, on E the narrower-band agent
exits and self-re-adopts 0 while the wider-band agent retains it; on a nonempty interval
thereafter the agents hold the same model and share every fixed-prior public posterior,

but carry different reset dates, operative records, and continuation laws.

The proposition constructs a common-path staggering example, not the fixed-
tolerance non-identification result of Proposition 4. Both holders start from one
prior, date, model, ranking, and public path. One exits and self-re-adopts while the
other retains, leaving the current model and fixed-prior posterior unchanged but the
test records and continuation laws different. The claim is positive probability, not
permanence. The channels also reverse initial exposure: the first-look rule protects a

fresh trend record, whereas the next disaster can reject a fresh crash record.

3.4 Correct-model test-record spells are heavy-tailed

The fixed-size rule rejects a correct model repeatedly, but not at a constant Poisson
rate. Test-record spells have power-law tails in both canonical channels and can
have infinite mean. The submission states the common single-spell asymptotic; the

working paper also gives an exact crash-channel matrix product.

Theorem 2 (Correct-model test-record spell lengths). Fiz either canonical channel,
maintain Assumption 3, and suppose the held model is the physical law. In the crash

channel assume o < 1 — e~ L.

Let T be the length of one internal test-record spell,
ending at the first exit from the fized-size retention band. There ezists ¥(a) > 0, the
principal Dirichlet decay rate on (—zq, 2q) of L = %&,v — %v 0, —that is, the smallest
eigenvalue of —L with Dirichlet conditions, so L1 = —3(«)y for the positive principal

eigenfunction »—such that: (1) in the trend channel,

IP)*<T > t) ~ Ca,ao t_ﬂ(a)a Coz,ao > 07 (15)

28



(i) in the crash channel, under its standing restriction « <1 —e™!,

P*(r > t) = t~%@)+e) (t — o00); (16)

(ili) consequently E*[T] < oo when ¥(a) > 1 and E*[1] = oo when ¥(a) < 1; in the
trend channel the knife-edge ¥(«) = 1 also has infinite mean, while the crash-channel

exponent alone does not settle its knife-edge.

The exponent depends only on the standardized boundary geometry; the next corol-

lary makes the resulting startup invariance explicit.

Corollary 3 (Finite-startup invariance in the trend channel). Suppose the held trend
model is correct. Let T be generated by any startup rule that may differ from the
maintained first-look implementation on a bounded age interval [0, A], but satisfies
P(T > A) > 0, leaves the standardized record in (—za, 24) conditional on survival to
A, and from age A onward uses the same continuously monitored boundary (—zq, za)-
Then

P(7 > t) = ¢t~ (@)Fe),

The spell still exits almost surely. In a consolidated correct-model regime, if the same
correct model is re-adopted after every exit and the same startup rule retains a strictly

positive first-look lower bound, the reset sequence is nonexplosive and exits recur.

The corollary is a large-age startup result: a finite startup modification can change the
onset atom and the finite-age law, but not the large-age exponent or recurrence in that
regime. The exact onset atom, the trend history construction in Theorem 1(i), and
the trend part of Proposition 5 remain features of the maintained first-look implemen-
tation, and the corollary does not assert that those witnesses survive every alternative
startup rule. Finite-dimensional closure continues for any alternative whose startup
phase is itself measurable in the maintained record and age; a startup rule carrying

additional memory would require that memory in the state.
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Corollary 4 (Conventional sizes have infinite mean). In the trend channel, E[T] = oo
if and only if zo, > 1, that is a < a. ~ 0.317, the size at which the two-sided normal
quantile equals one; in particular every conventional test size—0.20, 0.10, 0.05—
delivers an infinite mean internal-spell length under the correct model. In the crash
channel the same conclusion holds for a < ., the exponent bound (16) alone sufficing;

the boundary case is not settled by the exponent.

Corollary 5 (Recurrence at zero asymptotic rate). Suppose the unique supported
closest model 0° is correctly specified and its single test-record-spell length 7° has
infinite mean. Let R(t) count internal exits by calendar time t. On the event that the
held model eventually consolidates on 6°, R(t)/t — 0 almost surely. Internal exits
therefore recur infinitely often while their count is sublinear in calendar time: the
process s recurrent but asymptotically sparse. No claim is made that realized spell

lengths grow monotonically.

The finite-age crash schedule depends on the exact Sterne region. The long-run
exponent depends only on the square-root boundary geometry shared by both chan-
nels, which is why one killed Ornstein—Uhlenbeck eigenvalue, 9J(«), governs their
asymptotic tempo. Wider bands lengthen correct-model test-record spells and, in the
working-paper detection benchmark, delay the rejection of a misspecified model. Test
size therefore trades false alarms against detection lag. Exits recur for every admis-
sible test size; their calendar-time frequency vanishes only under the infinite-mean
condition of Corollary 5. No claim is made about report-duration tails, and realized

internal spell lengths need not rise monotonically.
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4 Conclusion

This paper develops a dynamic model of belief revision in which an incumbent is tested
against its own since-adoption record. Between exits, the ranking over alternatives is
frozen; only rejection reopens model choice and updates the state used for re-selection.
The model delivers three central insights. First, a current belief need not determine
its own law of change. The held model and any fixed-prior posterior over the static
menu can omit the adoption-dated statistic and age that govern the next reconsid-
eration; adjoining those objects and the carried ranking yields a finite-dimensional
Markov state. Second, internal reconsideration, model change, and report change
are distinct events. In the crash channel, even at one common tolerance, identical
current reports and report durations can hide different report-change laws. Third,
fixed-size testing can keep renewing the test record after the model and report have
stabilized. Correctly specified models then generate recurrent, power-law test-record
spells without implying power-law report tenure. These results identify the surviving
test record as an economic state and the age marginal of its next-exit law as the
endogenous belief hazard. The protocol is a behavioral primitive, not an optimality

result, and the robustness result is local.

The same mechanism raises a population question. When forecasters share the public
path but differ in tolerance, revisions stagger adoption dates and generate a cross-
section of belief states endogenously. The working paper studies how boundary-
crossing mass and re-selection translate that cross-section into disaster jumps, sched-
uled revisions, disagreement, and survey-facing dynamics (Teguia, 2026). A deeper
extension would make the tested environment endogenous. When beliefs influence
prices, policy, or behavior, the outcomes they help create become the data against
which they are tested. Whether the same primitive delivers disciplined belief dy-
namics once beliefs help create the data that trigger their own reconsideration is the

central question for future work.
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A Projection and filtering detalils

This appendix records the measure-theoretic tests used to interpret the main theo-
rem. They separate an all-initial-law Markov projection, a state-only link under the
maintained initialization, and the history-dependent observer filter. None replaces

the direct model-specific proof.

Remark A.1 (Reachable-fibre test). Let Y; be a proposed summary and let C be a
countable convergence-determining class of Borel subsets of [0, co]—for instance the
sets [0, ¢] with ¢ rational, together with {oco}. Suppose QF = K(Y;,-) almost surely
for some Markov kernel K. Then for every C' € C the scalar qc := Q7 (C) is o(Y3)-
measurable, so

Var(qc | Yt) =0 a.s.

Continuation sufficiency therefore fails as soon as, for some C' € C and on a positive-
probability set of summary values, the conditional law of go places positive mass on
two separated intervals. Stated this way the obstruction never appeals to a pointwise
identity on an individual fibre, which a regular conditional version determines only up
to a null set. The constructions below supply exactly this separation on an essential
set: the crash cylinders carry positive probability, and the trend centre and edge
sets carry positive conditional mass on an explicitly specified support, so neither is
exceptional. Theorem 1(i) exhibits such a separation for the held-model/fixed-prior-
posterior summary in each canonical channel; part (ii) gives coordinate-necessity
witnesses on its stated canonical domains and does not assert reachability of every
overlap state from every initialization. Only this direction is used: we do not assert
the converse, which would require a measurable factorization result on the quotient

and is needed for no result here.

Remark A.2 (Markov projection: strong and initialized benchmarks). The theorem is
an instance of a classical projection obstruction, but three claims must be kept apart.

First, the fixed-prior posterior S} is not a coordinate of Z; = (ét, Sy ap, pr): pr s
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frozen between exits, whereas 3 moves with the public sufficient statistic. Augment

therefore by the finite public likelihood state, Uf* = (¢, X;) or U* = (¢, N;), and write

Zt = (Utaétastaatapt)7 WV(Zt) - (ét’ﬁty)

We restrict to the compatible reachable state space ﬁ; on it, Z is finite-dimensional
and Markov in the maintained exponential-Lévy channels. Because the theorem con-
cerns the next internal revision, including a self-re-adoption that need not move m,,
use the current-spell process killed at that revision. Write Pg for its killed semigroup
and send the cemetery state to a coarse cemetery.

The all-initial-law benchmark is fibre constancy. If 7,(Z) is Markov under one

semigroup for every initial law on 7%, then necessarily
P} (z,m,"(B)) = P! (2,7, (B)) whenever 7,(z) = m,(2), (A1)

for every h > 0, every coarse Borel set B, and every compatible pair z,z’. This
is Dynkin’s Markov-function criterion (Dynkin, 1965; Burke and Rosenblatt, 1958);
for finite chains it is the Kemeny—Snell strong-lumpability condition (Kemeny and
Snell, 1976). Taking B to be the coarse cemetery shows that the next-internal-exit
probability must be constant on every compatible fibre. Theorem 1(i) constructs an
essential fibre on which it is not, so the projection admits no quotient semigroup valid
for all initial laws. Only this necessary direction is used.

The maintained-initialization question is weaker and is most cleanly stated using

the reduced history. Let
W, = (ét, Up), GV i=o(W,:0<s<t).

For each comparison date t, let opex(t) denote the next internal exit. A state-only

killed continuation kernel would require, for every h > 0, a measurable function kj,
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such that
]P)(Unext<t) —1< h ’ gtW) = kh(Wt) a.s. (AQ)

With the initialization and protocol primitives fixed, the crash-channel cylinders and
the trend-channel conditional-support histories used in the proof are histories in G}".
They end at the same current W; but give different conditional probabilities on the
left side of (A.2) for one common horizon. Hence no common state-only kernel kj,
exists on the constructed domain. This is the initialized analogue needed for the killed
current-spell continuation problem. Because a self-re-adoption can leave the ordinary
path of W unchanged, it is not by itself a claim that the un-killed process W has a
non-Markov ordinary transition law.

We formulate the reduced-history statement for W = (é, U) rather than for (é, BY)
because a degenerate prior need not make the posterior path injective in the public
likelihood state; the current-summary non-factorization for every fixed prior is estab-
lished separately by Theorem 1(i).

Rogers and Pitman provide the corresponding linked-initial-law /intertwining
route (Rogers and Pitman, 1981). Kurtz formulates the projection problem through
conditional distributions, generators, and filtered martingale problems (Kurtz, 1998).
In that language,

0" = L(Z:16")

is the dynamic filter. A history-invariant link of the form I}V = A(W},-), together
with the usual generator and uniqueness conditions, can produce a Markov projec-
tion. The two history witnesses show that no such state-only link can deliver one
common next-internal-exit law on the constructed domain. They do not deny the
existence of the history-dependent, measure-valued filter IT}". Remark 3 defines the
corresponding augmented-state filter and records Kurtz’s filtered martingale equa-
tions; Proposition A.1 gives its exact finite-support recursion, while Corollary A.1

below records the conditional mixture-dimension bound for the expressly enlarged

34



prior class. None of these additions lengthens the direct non-closure proof.

Remark A.3 (Kurtz filtered-martingale formulation). Once Theorem 1(iii) and non-
explosion supply Markov closure, Z is Markov because = is static and each type
follows the same measurable flow-and-reset construction. Let A be a martingale-
problem operator for Z. To match Kurtz (1998) exactly, let @t be the completed
filtration generated by

{/Osg(Yu)duzogsgt, geBb(Ey)},

where Ey is the observation space, and put ﬁt = L(Z; ] @t) Writing ﬁtf = f f dﬁt,
Kurtz’s filtered martingale problem gives, for f € D(A),

. — fof - /0 f,Af ds (A3)

as a (@t)—martingale, together with, for every bounded measurable g and v(u, z, &) :=
(u, w(pry 2)),

[ ftgeas= [ g

Kurtz gives conditions under which these equations characterize the joint law of the
observation and filter. When Y is cadlag and has no fixed points of discontinuity, his
completed integrated-observation filtration equals the completed raw-path filtration,
so II and the exact observer filter II in (11) coincide up to versions. We do not
impose that extra condition globally: predictable report changes can occur in the
crash implementation. The raw-path filter II remains the object of economic interest,
and Proposition A.1 solves it directly for finite latent support. Kurtz is used to place
the measure-valued observer state in the classical filtering framework, not to replace
the model-specific non-factorization proof. The conditional mixture-dimension bound

is stated below as Corollary A.1.
Proposition A.1 (Finite-support observer filter and short-time extreme). Under
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the finite-dimensional Markov closure of Theorem 1(iii), suppose the latent type in
Remark 3 has finite support = € {&1,...,&n} with prior weights p; > 0, understood
after conditioning on the observer’s initial public state. Conditional on the observed

public path, propagate for each type
Zi =&, Upy),  Ri=wpryZ;),  Ci(t) :=1{Rj, = R}

The report paths are cadlag, so this compatibility event is measurable. Let PlUt be
the conditional law of the observed public path Uy under type &;, given the observed

matial public state, and let

dP
U . lvt
E pi P, L (t) :== d_U(U[O,t])-

The mizture ﬁg dominates every PY. On the realized observation history the denom-

wnator below is positive, and Bayes’ rule gives

LY t
O e W UL

In the baseline, holder type does not affect future public-data innovations conditional
on the observed initial public state. The conditional public-path laws are then common,
so the likelihood factors cancel. Thus, for every fixed m, the observer filter is an
exact finite-dimensional recursion: propagate each surviving candidate state using the
new public increment, update by the public-path likelihood when required, eliminate a
candidate at its first report mismatch, and renormalize.

At a fized date, combine duplicate augmented full states—including every latent
primitive in = that remains relevant for future transitions—and write the actively

monitored support as z1, . ..,z with positive weights w;. The observer’s next-internal-
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exit probability is
¢
qu, (h) == P(Unext(t) —t<h| (’)t) = ijqzj(h).
j=1

If the trend indices 1(z;) are defined, then

- — Lonin (s
lim hlog g, (h) = —5 min I(z;).

If the crash support shares one right step-free horizon, then logqm,(h)/logh —

min; r(z;).

Proof of Proposition A.1. Conditional on the public path, the state and report path
generated by each candidate type are deterministic. Under a dominating public-path
law, Bayes’ rule therefore multiplies the prior weight by the public-path likelihood
factor LY(t) and by the deterministic report-compatibility likelihood C;(¢). This
gives (A.4), and pushing the weights through & — (U, Z¢,&;) gives the displayed
filter. Under the baseline conditional exogeneity of future public innovations, the
public-path laws are common across types and the factors cancel. The recursive
implementation follows because each Z° follows the known flow-and-reset rule and
report compatibility, once lost, is never recovered.

For the short-time statement, write /* = min; I(z;) and let j* attain it. The lower
bound is g, (h) > wj«q.,. (h), while a weighted average is at most its largest term,

qm, (h) < max ¢, (h).

Fix € > 0. The support is finite and each component satisfies Proposition 2, so for

all sufficiently small A,

“LI(z) — e < hlogq., (k) < —3I(z) +¢
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for every j. Hence
—3I" — e+ hlogw;« < hlogqu,(h) < —3I* +e.

The fixed weight contributes hlogw;« — 0; letting € | 0 gives the trend claim. The
crash case is identical with log h in place of h: the smallest order dominates, and the
common step-free horizon makes every component expansion valid on one interval.

No interchange of a limit and an integral is used. O]

Definition A.1 (Regular exact predictive realization). Fiz m > 2 observation-
ally compatible, actively monitored augmented full states zq,..., 2z, —including ev-

ery latent primitive needed for their continuation laws—and let q;(h) := q.,(h). For

w e Ay | define
quw(h) =Y wigi(h).
i=1
A regular d-dimensional exact predictive realization of this supported family consists

of a d-dimensional C* manifold M, a C' state map n : AS,_| — M, and C* output
maps Gp, : M — [0,1] for all sufficiently small h > 0, such that

Gr(n(w)) = qu(h) for every w € A7 . (A.5)

Any C* exact recursive filter that works uniformly over the interior prior weights on
this common support induces such a realization by freezing the common observation

history and reading out its next-internal-exit probabilities.

Corollary A.1 (Conditional mixture-dimension bound). In the trend channel,
suppose I(z1),...,1(zy) are pairwise distinct. In the crash channel, suppose
r(z1),...,7(2m) are pairwise distinct and the states share one right step-free horizon.

Then every reqular exact predictive realization of Definition A.1 satisfies

d>m—1.
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Moreover, fiz the observer’s initialization date at the comparison date and consider
the expressly enlarged prior class that permits arbitrary interior weights on any finite
set of observationally compatible pre-initial operative states. For every m this class
contains a supported fibre of the required kind. No fixed finite dimension therefore
gives a reqular exact predictor—and hence no reqular exact filter—uniformly over

this enlarged observer-prior class.

Remark A.4. Corollary A.1 is deliberately conditional, uniform, and regular. For ev-
ery fixed finite support, the exact filter in Proposition A.1 is finite-dimensional. The
corollary then says that no fixed C'* dimension works as the support of the expressly
enlarged observer prior grows. It is the simplex-rank implication of the EBH-specific
linear independence of the supported predictive laws, not a theorem that arbitrary-m
fibres are generated from one common protocol origin. Theorem 1(i), Proposition 4,
and Proposition 5 provide endogenous two-state separations; arbitrary-m common-
origin reachability is not claimed. Nor do we rule out an arbitrary measurable en-
coding or a special finite-dimensional family for one continuous prior. At ordinary
horizons the observer’s probability remains the weighted average >, w;g.;(h), and

equal indices need not imply equal continuation laws.

B Statistical and stochastic foundations

This appendix records the statistical and stochastic results used in the submission
and proves Proposition B.1. Material used only for extensions is deferred to the
working-paper version.

The two canonical channel laws are
dXy = pdt + o dWy, 0=pe{u,...,ux} CR, 0> 0 known, (B.1)

N a Poisson process of rate A, 0=Xe{\,..., g} C(0,00), (B.2)
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Lemma B.1 (Disputability). For the data (B.1)—~(B.2) observed continuously on (F;):
(1) distinct drifts p # @' induce mutually equivalent laws on Fy for every t > 0, with

density
dP+
dP+

’

— exp( 52 (X, — pt) — U ), (B.3)

Fi
(ii) distinct rates X # X' induce mutually equivalent laws on F; for every t > 0, with

density

dP AN vy
dP> ‘J-'t B <7> e, (B-4)

(iii) two laws differing only in the diffusion coefficient are mutually singular on J;
for every t > 0, the coefficient identified pathwise by the realized quadratic variation
(X = 0%t (Merton, 1980). Hence the drift and the jump intensity are disputable on

the menu, the diffusion coefficient is not.

Proof. (i) For constant drifts the exponential in (B.3) is the Girsanov density £(6-W),
with constant § = (' — p)/o; Novikov’s condition Eexp(36°t) < oo holds trivially
for a constant, so it is a true martingale on every [0,¢] and defines an equivalent
change of measure (Karatzas and Shreve, 1991, §3.5). (ii) For constant intensities
the expression in (B.4) is the Doléans—Dade exponential of the compensated jump
martingale with constant relative intensity A’/A > 0, a true martingale on every |0, ]
because the compensator is deterministic and finite there (Bremdud, 1981, §VI.2);
positivity of the density gives mutual equivalence. (7i) The diffusion coefficient is a
pathwise functional of the realized quadratic variation, [X]; = 0t a.s. under P°, so
laws with o # ¢’ concentrate on the disjoint events {[X]; = ot} and {[X]; = (¢/)?t}
(Merton, 1980). O

Lemma B.2 (Bridge to the highest-density region). Fiz an age a and a held model
with predictive law for T,. (1) If that law has a density ff continuous at the realization,
Ortoleva’s one-shot test at recording resolution 6 —abandon when the realized cell has
held-model probability at most cd—eventually abandons as 0 | 0 whenever ff(Ta) <c

and eventually retains whenever f9(T,) > c¢; no pointwise conclusion is asserted at
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ff(Ta) = ¢, and the closed superlevel region of (4) is adopted as a separate boundary
convention, fized-age almost-surely immaterial when the cutoff level set is null. (ii)
Suppose every level set {ff = ¢}, ¢ > 0, is Lebesque-null—the density has no flat
plateau. Then a cutoff cqa(a) calibrating An(a) = {f? > ca(a)} of (4) to predictive
mass exactly 1 —a exists, and A, (a) has minimum Lebesque measure among all Borel
sets of held-model mass at least 1 — «, uniquely so up to Lebesque-null modification.
(iii) For the atomic law (B.2), the analogous probability ordering with deterministic tie
accrual yields the probability-ordered Sterne region of mass at least 1 — ., of minimum
cardinality; the weak superlevel set {n : p,(a) > ¢} may strictly contain it through

atoms tied at the cutoff.

Proof. (i). Let = T, and Cs(z) = [z — §/2, = + 6/2]. By continuity of f9 at ,
P e ) = [ dt)dy=fl@ovon) 610, B9

equivalently f%(z)d(1 + o(1)) when f?(z) > 0. The test abandons iff the cell prob-
ability is at most cd, i.c. iff f7(z)+ o(1) < ¢, so letting & | 0 gives abandonment
whenever f(f(m) < ¢ and retention whenever f(f (x) > c. At equality the higher-order
term can decide at finite resolution, so no pointwise conclusion is asserted there; for
the unimodal continuous record densities used here { ff = ¢} is Lebesgue-null, and we
adopt the closed region { fg > ¢} of (4) as the convention, the atomic Sterne region
being closed by construction.

(ii). With f = f% and ¢ = ca(a), the super-level set A* = {f > ¢} calibrated
to mass 1 — a has minimum Lebesgue measure among Borel sets of held-model mass
at least 1 — a—the highest-density-region property (Box and Tiao, 1973; Hyndman,
1996), by a rearrangement comparison analogous to the Neyman—Pearson lemma but
not an instance of it, since Lebesgue measure cannot occupy the role of a probability
alternative. Calibration: ¢ — ]P)é( f(f > ¢) is continuous, because Pé( ff =c) =

¢ Leb{ ff = ¢} = 0, and decreases from 1 to 0, so ¢, (a) exists. For minimality, suppose

41



Leb(B) < Leb(A,(a)) with Pé(B) >1l—-—a= Pé(Aa(a)), and abbreviate A = A,(a),
¢ = cola): then P(B\ A) > PP(A\ B). If Leb(B \ A) > 0 then, the density lying
strictly below ¢ on B\ A and at least ¢ on A\ B, cLeb(B\ A) > P/(B\ A) >
P?(A\ B) > cLeb(A\ B), so Leb(B) > Leb(A), a contradiction; if Leb(B \ A) = 0
then Pé(A \ B) < Pé(B \ A) = 0 forces Leb(A \ B) = 0 and Leb(A) < Leb(B),
the same contradiction. Uniqueness is the same comparison at equal measure: with
Leb(B) = Leb(A) the two displayed inequalities force Leb(B \ A) = 0, hence both
differences Lebesgue-null.

(#i). For the atomic law (B.2), ordering the integers by descending mass, ties by
smaller count, and taking the shortest initial segment reaching 1 — « gives the Sterne
region (Sterne, 1954): with masses p(1) > p(2) > - - - and k the minimal accrual length,
any B with |B| < k has P(B) < > _, pe) < 1 — «, so no smaller set reaches the
floor. The cutoff atom is included, so the accrued region is closed—the convention
adopted for the crash band in (7). The weak superlevel set {n : p,(a) > ¢}, with ¢ the
mass of the last atom accrued, contains the Sterne region and can contain it strictly:
this happens exactly when an excluded atom ties the cutoff, p,/(a) = ¢ for some n’
outside the region, which by p,, = pp, <= Aa = (ny!/ny!)"/"=") occurs only at
the rank-swap ages of (B.13). At Aa = V2, for instance, py = po, and at o = 0.415
the accrual stops at {0, 1} while the weak superlevel set at that cutoff also admits 2.
The tie-breaking convention—smaller count first—selects one of the tied atoms, so

the ordered region is well defined at those ages and the strict inclusion is confined to

them. O

Proposition B.1 (Probability-ordered retention region). Fix the recording protocol,
reference measure, monitored statistic, and fized-size calibration of Definition 1, in
either canonical channel. The fine-resolution limit of the likelihood ordering selects the
density-superlevel region (Lemma B.2(i)): in the continuous channel, calibrated to the
mass floor, this region is unique up to null sets when the cutoff carries no positive-mass

plateau (Lemma B.2(ii)), an interval by unimodality; in the counting channel it is the
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conservative probability-ordered Sterne interval (Lemma B.2(iii)). The mass floor
alone does not select it: equal-tailed and unbiased regions are alternative selections
not generated by the ordering, though in the symmetric Gaussian channel they coincide

with it, the distinction biting in asymmetric continuous families and on the lattice.

Proof of Proposition B.1. Selection. By Lemma B.2(i) the fine-resolution limit of the
likelihood ordering retains a cell iff its density exceeds the calibration cutoff, so the
selected set is a density-superlevel region. In the continuous channel, calibrating the
superlevel cutoff to the mass floor determines the region up to null sets whenever
the cutoff level carries no positive-mass plateau (Lemma B.2(ii)); unimodality of the
predictive density makes each superlevel set an interval. In the counting channel the
same ordering adjoins atoms in nonincreasing mass, which by Lemma B.2(iii) yields
the minimum-cardinality set of mass at least 1 — «, the conservative Sterne interval.

The mass floor alone does not select it. Both the equal-tailed and the unbiased
region are calibrated to the same floor, so the floor cannot distinguish them from the
probability-ordered region; what distinguishes them is the ordering, which minimizes
measure (respectively cardinality) among sets of that mass. Two facts complete the
claim. First, in the symmetric Gaussian channel the three coincide: ¢ is symmet-
ric and strictly decreasing in |z|, so its superlevel sets are the intervals [—b,b], and
calibration to mass 1 — « gives b = z,, which is also the equal-tailed and the unbi-
ased interval. Second, on the lattice they separate, and a single witness suffices: for
Poisson(10) at = 0.05 the probability-ordered set is {4,...,16}, of 13 atoms and
mass 0.9626, whereas the equal-tailed set {4,...,17} has 14 atoms and mass 0.9754;
both clear the floor, and the probability-ordered set is strictly smaller, so the two se-
lections differ and only the former is generated by the ordering. The same separation
occurs in asymmetric continuous families, where superlevel sets of a skewed density

are not equal-tailed. O

This is the canonical disciplined implementation of the primitive under the main-

tained recording protocol: the mass floor fixes the retained probability, the likelihood
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ordering fixes the region’s geometry, and one scalar then indexes the band family,
whose shape in age is inherited from the held model’s own fluctuation law rather than

chosen—the a~1/2

contraction of (6) and the integer staircase of (7). Running the
per-age test at every age is the classical repeated significance test run continually (Ar-
mitage et al., 1969; Siegmund, 1985), a maintained monitoring convention rather than
a limit theorem. Ortoleva (2012) axiomatizes the one-shot threshold representation—
Bayesian updating for sufficiently likely information, reconsideration and maximum-
likelihood re-selection when information is sufficiently unexpected—and does not de-
rive continuous monitoring, a fixed nominal size at every look, a first-look age, or
a holder-specific episode reset. Those clauses are substantive: repeated fixed-level
testing on accumulating data raises the rejection probability above the nominal level
(Armitage et al., 1969), and the alternative dynamic implementations—spending the
error level over looks (Lan and DeMets, 1983), confidence sequences valid uniformly
over an unbounded horizon (Howard et al., 2021), and e-value tests or nonnegative su-
permartingales preserving type-I error under optional continuation (Grunwald et al.,
2024; Ramdas et al., 2020, 2023)—are different stopping rules, not calibrations of this
one, and none of them need mix over the menu’s named rivals. A fixed density cutoff
¢ is not a calibration of it either: it would widen the trend channel’s standardized
boundary at order y/log a and spare a correct model, but only after onset—because
X, ~ N(j1,0%/a), the region {x : f,(z) > ¢} is empty for a < 27o2c?—while in the
counting channel a fixed positive mass-function cutoff eventually empties the region,
the largest Poisson atom vanishing like (27T5\a)*1/ 2. We therefore maintain the re-
set and the fixed per-age test as behavioral and monitoring assumptions: the state
theorem uses the reset and the record-sensitive first exit, recurrence uses almost-
sure eventual exit under unlimited monitoring, and the tail theorem uses the fixed
standardized boundary geometry. Appendix B records the selection argument, its
protocol-relativity, and what the alternatives would deliver.

Version conventions. For each ordered menu pair the right-continuous likelihood-ratio

44



martingale is the fixed version of (3): the identity holds off one null set at rational
ages and extends to every age by right continuity; the menu being finite, the finitely
many pairwise null sets are intersected once and for all, and local equivalence lets the

same version be used under any maintained menu law.

Lemma B.3 (Chaining). Let 0 = 0¢ < 01 < --- < 0y be successive revision times,
and apply (8) at each finite one. On {op < oo}, for every pair 0,0y € © with
po(6o) > 0—a model of zero initial mass keeps p;, = 0 under the multiplicative update

and is dropped from the ratios—

Po(0) _ po(0) A9/00 (B.6)

Poy(B0)  polfo) 7

a pathwise identity in the stopped likelihood ratio. If, in addition, op < oo almost

surely under both P? and P%, then

o d]PeO ]__dka (B?)

so the ranking at oy 1s the single Bayes update of py on the entire history up to o.
Denominator-law finiteness alone does not give (B.7): numerator mass on {0}, = oo}
escapes the finite-time density. At every finite revision time the re-selected model is
the full-history maximum-a-posteriori choice under the carried ranking; only the test

record restarts, the ranking p does not.

Proof. Pathwise identity. Taking ratios in (8) at the i-th finite revision, applied to

that regime’s record X, , 0,1,

Pai(0) _ L9(X(U¢—1,Ui]) Poi_,(0)
pq(&O) LOO(X(Ui,l,a'i]) p0¢,1<90)’

(B.8)

where Lg(X(s4) is the increment likelihood given F,. Writing Af /% for the likelihood

ratio of the two menu laws on F;, projectivity of Radon—Nikodym derivatives of
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consistent measures gives, for s < t,

Lo(X(5,1)

A% = A%/ .
* o La(Xsa)

(B.9)

Iterating (B.8) from ¢ = 1 to k on {0}, < oo} and telescoping the increment factors

by (B.9),

k
Lo( X o

pak(e) _ pO(Q) || 9( (0i-1, 1]) _ pO(Q) AZQG()? (BIO)

Po(00) — po(fo) <7 Loo(X (o 1,04)  P0(60)

which is (B.6). This invokes no finite-exit theorem: it is an identity on {0} < oo}.

Stopped-density interpretation. For a stopping time o, A € F, and every n,
P/(AN{o < n}) =E*[AY " Langoen] = E® [AY* Langocn],

the second equality by optional sampling applied at the bounded stopping time o An,
which is legitimate because A% is a true P%-martingale in both canonical channels
(Lemma B.1) and AN {oc < n} € Foan. Now let n T co. The left side increases to
P?(A) exactly when o < oo P’-a.s., and the right side increases to E% [Ag/ %14] by
monotone convergence exactly when o < oo P%-a.s.; under that two-law finiteness
the two limits give (B.7). Under denominator-law finiteness alone the left side need
not converge to PY(A)—numerator mass on {0 = oo} is never captured—so only the
pathwise identity is available.

Remarks on the segment factors. In the canonical channels the restriction of the
locally equivalent laws to F,, has density A,, (Jacod and Shiryaev, 2003, §I11.3), with
the explicit exponential form (B.3)-(B.4), for which (B.9) at s = 0,1, t = 0; is an
algebraic identity of the displayed densities, evaluated pathwise. Conditional on F,, ,,
independent increments make the shifted likelihood-ratio process the fresh-record one,
and evaluating it at the first-exit duration 7, = 0; — 0;_1 gives the pathwise segment
likelihood ratio A,,; under the two-law finiteness condition above it is also the stopped

Radon-Nikodym density. The stopped segment is not distributed as an ordinary
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fixed-horizon increment; what makes the segment-likelihood form exact is that the
same stopping rule is applied under every candidate law, so it contributes no model-
dependent factor. For a general state-dependent record the factors remain conditional
likelihoods given the past and the same telescoping holds in that conditional form;
the unconditional-segment form is special to independent increments.

Since argmaxy p,, (¢) depends only on the ratios (B.6), at every finite revision
time o}, the re-selected model is the full-history maximum-a-posteriori choice under
the carried ranking. Between revisions the ranking and held model are frozen; only
the public data and the operative test record evolve. The product is independent of
how the history was segmented into regimes, so the timing of revisions does not affect

the ranking; only the test record (4) is reset. O
For the held law Poisson(10) at tolerance a = 0.1 and age 1, the probability-ordered
Sterne region invoked in the proofs is

A1) = {5,6,...,15},  P(5< Ny <15) ~0.922 > 0.9. (B.11)

«

Lemma B.4 (Tempo / first-look age). (i) In the crash channel (B.2), with ag = 0
the internal spell length satisfies T > 0 a.s.: continuous monitoring from adoption
produces no instantaneous rejection. (i) In the trend channel (B.1), when the held
model is the truth, continuous monitoring from a = 0 reaches the continuous-limit
rejection boundary at arbitrarily small ages, inf{a > 0 : |Y,| > z,} = 0 a.s.; a strictly
positive first-look age ag > 0 is therefore required for a mondegenerate continuous-
monitoring rule. (iii) Let 8, | 0 be a nested sequence of look meshes and let 72" be

the scheduled-look exit time defined above. Then
Tfr” 3 T a.s.

Thus the maintained trend rule is the fine-mesh limit of a coherent first-look schedule.
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Proof. (i) By Lemma B.5 the crash band at age a is the singleton {0} for all a < d,
some d > 0: the held mean Aa is then below one, so 0 is the unique atom the
probability ordering adjoins before the floor can leave it. On [0, d) the count therefore
lies in the band iff no arrival has occurred, so 7 > min(77, d) with T} the first arrival
time. Under P, T} is exponential of rate \*, hence 7} > 0 a.s.; and d > 0 is
deterministic. Therefore 7 > 0 a.s.

(1) With the held model correct, (B.12) makes the standardized record W,/+/a
with W a standard Brownian motion, and the band in these coordinates is [—zq, 2q)-

Write

Wil Wl g
N V/2aloglog(1/a) 2loglog(1/a).

The law of the iterated logarithm at zero gives limsup,, |[Wa|/+/2aloglog(1/a) =1

a.s., so the first factor exceeds % at arbitrarily small ages, while the second tends to
400 as a | 0. Hence limsup,, |Wa,|/v/a = 0o a.s., so for every z, the record reaches
{IYa] > z.} at arbitrarily small ages and inf{a > 0 : |Y,| > z,} = 0 a.s. Monitoring
from a = 0 therefore gives 7 = 0. A strictly positive first-look age is required for a
nondegenerate continuous-monitoring rule.

(i7i) Nested look grids make 7" nonincreasing, and every scheduled exit is no
earlier than the continuous first contact, so T{‘r" 17> 74 On {1, < oo}, the stan-
dardized record has a nonzero Brownian diffusion coefficient at all ages at least aqg.
By the strong Markov property and Brownian oscillation at zero, after its first bound-
ary contact it enters the strict exterior in every right neighbourhood almost surely.
Continuity then provides an open exterior interval in every such neighbourhood, and
the nested grids eventually meet that interval. Hence 7 < 7, 4 € for every € > 0. On

{7: = oo} all scheduled exit times are infinite. Thus 7 = 7, almost surely. O

*

The standardized record, computed under the correctly held drift 4 = p* (under

misfit it gains the drift term /a (u* — ji)/o; the misspecified tested-record dynamics
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are carried by Lemma D.1(ii) below), is

Xy — _ (X, — pra)/a _ oW, /a W
o/va o/va o/va  a

(B.12)

Lemma B.5 (Sterne band structure). In the disputed-crash-rate channel the band
endpoints l,(a), us(a) of (7) are deterministic step functions of age—piecewise con-
stant with finitely many jumps on any compact interval, taken right-continuous by
convention at the step ages (a choice that fizes the band only at those finitely many
ages; under an infimum definition of the first-exit time it leaves the first-exit-time
law wunchanged, but it is not immaterial to membership at the exit time—a crash-
channel lower exit occurs exactly when the deterministic floor steps up past an un-
changed integer count, i.e. at a step age—and to the bookkeeping of predictable atoms,
whose dates are these upward floor-steps)—and nested in tolerance: Ao (a) C Ay(a)
for o/ > « at every a. As a — oo the endpoints obey the normal approximation
lo(a), ua(a) = Aa F 2oV Aa + o(\/a), a half-width za\/% = O(y/a) about the held

mean \a.

Lemma B.6 (One-sided motion of the Sterne ceiling). For the right-continuous
probability-ordered Poisson retention family, u,(a) is nondecreasing in a. The floor
lo(a) may move in either direction. A surviving unchanged count can be rejected at a

determainistic band step only when the floor rises.

Proof of Lemma B.6. Between step ages the band is constant, so it suffices to treat
the two ways it changes. At a mass-attainment age the region adjoins the next-ranked
adjacent atom: if that atom lies above the ceiling the ceiling rises by one, and if it lies
below the floor the floor falls while the ceiling is unchanged. At a boundary-straddling
rank swap, strict monotone likelihood ratios imply that the only possible straddling
pair is the current floor and the atom immediately above the ceiling, so the right-
continuous post-swap interval is the one-integer upward shift and both endpoints rise.

Hence the ceiling never falls. The last statement follows because a ceiling expansion
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cannot exclude a surviving count and a falling floor only enlarges the band; only an

upward floor step can reject a count that has not moved. O

Proof. The held law of N, is Poisson(Aa) with masses p,(a) = e **(Aa)"/n!. The
Sterne region accrues integers in order of descending p,(a) until the cumulative mass
first reaches 1 — a. The region changes with a only when either two integers swap
mass rank, p,(a) = pn(a) for some n # m, or the accrued mass crosses 1 — « at a

new integer. The rank-swap condition is

N m!

) mIN 1/ (m—n)
pn(a) =pm(a), n<m, a >0 <= ()" "= — <= a= <—'> :
! n!

(B.13)

S
>

a single age for each pair, where the equivalence divides by (S\a)" and so requires
a > 0; at a = 0 the held law is the point mass py = 1, with no rank-swap. On
a compact interval [0, A] the band lies in {0,..., N3**} with N}** finite: writing
Uy = min{k : PPoissonGAA (N < ) > 1 —a}, the benchmark set {0, ..., U4} has mass
at least 1 — o under Poisson(Aa) for every a < A (the Poisson family is stochastically
increasing in its mean), so the minimal-cardinality region has at most U4 + 1 atoms.
Poisson unimodality makes every probability-ordered prefix an interval containing a
mode: once the selected atoms form an interval around a mode, the largest unselected
atom is adjacent to one of its endpoints, so contiguity is preserved at the next accrual
step—the same induction written in detail as Step 1 below. Hence a prefix of at most
Ua + 1 atoms, containing the modal integer Lj\aj < M where the accrual starts, has
ceiling at most N7 := |X\A| 4+ U4 + 1. Hence only finitely many pairs (n,m) and
finitely many rank-swap ages (B.13) arise; between consecutive rank-swap ages the
descending-mass ordering is constant. With the ordering fixed the region can still
change at a cumulative-threshold age, where the accrued mass of the leading segment
first reaches 1 —« at a new integer. But for a fixed ordering the cumulative mass of any
leading segment is a finite sum of terms e’;\“(S\a)” /n!, real-analytic and non-constant

in a, so it equals 1 — a at finitely many ages on [0, A]; finitely many cumulative-
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threshold ages thus arise per ordering, and finitely many in all. Between consecutive
ages of either kind the region is constant. Right-continuity is by the convention of
taking the region at a: at a cumulative-mass threshold age or a boundary-straddling
rank-swap age (B.13), where the minimal Sterne region jumps, the post-step region
is in force from the step age onward—the convention the crash-channel lower-exit
and the test-record-spell transfer matrix below both use, so that a scheduled floor or
ceiling step takes effect at its date rather than just after it. The convention is a tie-
break confined to the finitely many exact-attainment and boundary-straddling rank-
swap ages. At an exact-attainment age two probability-ordered regions of mass at
least 1 — « coexist—the minimal one and its one-integer enlargement—and the right-
continuous choice takes the enlargement at the date. At a rank-swap age (B.13) whose
tied pair straddles the region boundary, two minimal probability-ordered regions
of equal mass coexist—the pre-swap interval and its one-integer shift, exchanging
the lowest included integer for the one above the ceiling—and the right-continuous
choice takes the post-swap interval. Minimal cardinality holds at every age off the
exact-attainment set, so the bookkeeping at the predictable step dates and Sterne
minimality never conflict off these finite sets. Formally two objects coexist: the
fixed-age minimal region of Definition 1 and the right-continuous process version the
dynamics use, equal off the finite set of exact-attainment and boundary-straddling
rank-swap ages, differing at the former by the enlargement and at the latter by the
one-integer shift of both endpoints; the lower-exit atoms and the transfer matrices
below use the process version. For nestedness, o/ > « gives a smaller target mass
1 — o' < 1— «; since both regions accrue integers in the same descending-mass order,
the o/-region is an initial segment of the a-region, so Ay (a) C A,(a) (with equality
when the two targets fall within the same mass step). For the asymptotic half-width
we prove endpoint convergence rather than infer it from distributional convergence:
the local central limit theorem (Petrov, 1975, Ch. VII) identifies masses, not the

endpoints of a probability-ordered lattice set. Write m := 5\a, Pn = e ™m™/nl, and
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let A,, be the fixed-age probability-ordered set: a minimum-cardinality set of atoms
of total mass at least 1 — «, obtained by adjoining atoms in nonincreasing order of
mass, ties broken toward the smaller count as fixed with (7). Put L,, := (I,,—m)/v/m
and U,, := (u,, —m)/y/m for its endpoints.

Step 1: A,, is an interval containing a mode. The ratio p,i1/p, = m/(n + 1) is
strictly decreasing in n, so (p,) is log-concave and unimodal, rising to a mode and
then falling. Selection begins at a maximizer, so a mode is in A,,. Suppose the
atoms selected so far form an interval [i, j] N Z containing a mode. By unimodality
p is nondecreasing on (—oo, 7] and nonincreasing on [j, c0), so among all unselected
atoms the largest mass is attained at ¢ — 1 or at j + 1; the next atom adjoined is
therefore adjacent to the current interval and the selected set remains an interval.
Ties are not exceptional here—for integer m one has p,,_1 = p,, exactly—but a tie is
resolved by adjoining one of the two tied atoms, each adjacent to an end, so contiguity
is preserved in every case. By induction A,, is an interval containing a mode.

Step 2: tightness. Fix C with P(|Z| < C) > 1 — «, Z standard normal. By the
central limit theorem for the Poisson law, P(|N,—m| < Cy/m) = P(|Z]| < C) > 1—a,
so for all large m the lattice interval [m—C'y/m, m+C+/m] is a set of mass at least 1 —«
with at most 2C'y/m + 1 atoms. Minimality of cardinality gives #A,, < 2Cy/m + 1.
Since A,, is an interval containing a mode by Step 1, and every mode lies within
distance 1 of m, both endpoints lie within 2C'v/m + 2 of m; hence (L,,,U,,) is a
bounded sequence in R2.

Step 3: overshoot. Let ppmin := mingecq,, pr. Deleting a minimizing atom leaves
a set of cardinality #A,, — 1, which by minimality has mass below 1 — «; therefore
0 < P(An) — (1 = @) < Pmin < max, p,. By Stirling’s formula max, p, = pjm =
(2mm)~V2(1 + O(m™)), so P(A,,) — (1 — a) = O(m~/2) — 0. The right-continuous
process version differs from A,, only at the exceptional step ages. At an exact-
attainment age it is a one-atom enlargement, so the mass difference is O(m~'/?) and

one endpoint moves by one integer. At a boundary-straddling rank swap it is a one-
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integer shift of the interval: the symmetric difference consists of two tied atoms, the
total mass is unchanged, and both endpoints move by one integer. In either case the
endpoint displacement is O(1) = o(y/m) and the mass discrepancy is O(m~1/2), so
neither affects the limits below.

Step 4: every subsequential limit is [—z,, zo|. By Step 2 and Bolzano—Weierstrass,
(L, Uy) has convergent subsequences; fix one, with limit (L, U). Write F,, for the
distribution function of (N, —m)/+/m, so that P(A,,) = F,,,(Uy) — Fn(L,,,) by Step 1,
A,, being an interval. The central limit theorem gives F,, = ®, and since ® is
continuous the convergence is uniform, sup, |F,,(z) — ®(z)] — 0 (Pdlya’s theorem);
uniformity is what licenses evaluation at the mowving endpoints. Combining with
L,, = L, U,, — U and the continuity of ® gives P(A,,) — ®(U)— ®(L), while Step 3

gives P(A,,) = 1 — a; hence
OU)—-P(L)=1—qa. (B.14)

Next, selection in nonincreasing order of mass means membership is a threshold rule:
for ¢, :== /M puin one has \/mp, > ¢, = n € A, and V/mp, < ¢, = n ¢
An. By Step 3, 0 < ¢, < y/mmax,p, — (21)7"2, so (¢,) is bounded and we
may pass to a further subsequence with ¢,, — c¢. The local central limit theorem
gives sup|z|§R‘\/ﬁme+x\/m — go(a:)} — 0 for every R, with ¢ the standard normal
density. Write n,, := |m + x+y/m| for the lattice point tracking z. If ¢(z) > ¢ then
Vmp,, > ¢ for all large m along the subsequence, so n,, € A,, by the threshold
rule; its standardized position (n,, —m)/y/m = z+0(m~*/?) then lies in [L,,, U,,] and
converges to z, giving x € [L,U]. Hence {¢ > ¢} C [L,U]. For the reverse inclusion
take z € (L,U): for all large m the standardized position of n,, lies strictly between
L, and U,,, and A,, is an interval by Step 1, so n,, € A,; since ¢,, = /M Puin
with pui, the least mass in A,,, this gives \/mp,, > ¢, and the local central limit
theorem passes the inequality to the limit, ¢(x) > ¢. This gives (L,U) C {p > ¢},

and since @ is continuous and {¢ > ¢} is closed the inclusion extends to the endpoints,
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[L,U] C {¢ > ¢}. The argument is run in this direction because at a limiting endpoint
the lattice point tracking x may sit just outside A,, at every m, so p(z) < ¢ would
not by itself exclude x from [L,U]. Therefore {¢ > ¢} C [L,U] C {p > ¢}, and
[L,U] being bounded forces ¢ > 0. As ¢ is symmetric and strictly decreasing in
|z|, these two sets are (—b,b) and [—b,b] with ¢(b) = ¢, forcing [L,U] = [-b,1].
Substituting into (B.14) gives 2®(b) — 1 = 1 — «, and since ® is strictly increasing
this determines b = 2z, uniquely. Every convergent subsequence of the bounded
sequence (L, Uy,) thus has the same limit (—z4, 24), S0 (L, Up) = (—2a, 24 ), which

is Io(a), ua(a) = Aa T 2oV Aa + o(+/a). O

C Proof of Theorem 1

Lemma C.1 (Conditional support after a reset). Consider the trend channel (B.1)
under P*, one rule, and one holder initialization with first-look age ag > 0. Fiz a
target error v € (0,%), a fresh current age ay > ag, and a compact I € (ag,00)
containing ay. There exists an initial carried ranking for which the following holds.
Let n and 6, be the log-age horizon and edge width supplied by Lemma D.1(ii) on
I, and write H = as(e" — 1) for the calendar horizon. Set the comparison date
t := ap + ay—defined by the fresh age, not by the future horizon. Then there exist an
event A of positive probability, an open set B of terminal values, and disjoint compact

sets J. € [—zq/4, 2o /4] and J. € (2o — 0y, 24) such that for every x € B,
P*(Vied. | Xy=2, A)>0 and P (Viel. | X,=x, A) >0,

where
Xy — Xo, — it — ap)

o/t — ag

18 the holder’s since-adoption standardized record at t, the conditional probabilities

Vi

are taken under a fixed regular conditional distribution given X, and A is the event
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that she exits upward at ag, re-adopts her incumbent, and her fresh spell survives to
t. Moreover the next-H exit probability is below v from every position in J. and above

1 —~ from every position in J..

The initialization is existential because the construction selects it: Step 2 of the
proof fixes an initial carried lead large enough that an onset rejection re-adopts the
incumbent rather than switching. Theorem 1(i), which consumes this lemma, is

correspondingly existential in the initialization.

Proof. Throughout fix a regular conditional distribution of the path given Xj; all
conditional statements are made under it. The order of choice matters and is the
order of the statement: 7, then ay and I, then n and ¢, from Lemma D.1(ii), then
H = ag(e” — 1), and only then the sets

Je € [—2a/4, 2 /4], Je € (20 — Op, Za)-

Write t = ag + ay, the onset statistic Yy := (X, — flag)/(04/ag), and the fresh record
Vii= (X; — X, — fiay) /(0 /7).

Step 1: the affine fibre map. Under P* the pair (X,,, X;) is Gaussian with non-
degenerate covariance for 0 < ag < t, so conditionally on X; = x the variable X,
has a strictly positive Gaussian density on R. Both statistics are affine in it, and

eliminating X,

Vi=c(x)— /2 Y, c(x) = v = ao +ay) (C.1)

af o\/ay ’

a decreasing affine map of Y whose slope —y/ao/a; does not depend on x and whose
intercept ¢(z) is continuous and surjective in x.

Step 2: the onset window and the ranking margin. Choose a bounded onset-exit
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interval U := (24, 2o + M) and a margin x > 0 with
M,/a > diam(J, U J.) + 4k. (C.2)

Because U is bounded and the menu finite, the exit occurs on a bounded record over
a bounded duration, so the pathwise Wald likelihood factors at the exit are bounded
functions of the bounded pair (S;,7) on {Yy € U}; fix the initial carried lead above
their supremum, whereupon every onset rejection in U re-adopts the incumbent, as
in Proposition 5. Let A prescribe: an upper onset exit with Yy € U; re-adoption of
the incumbent at ag; and survival of the fresh spell on (ao, t].

Step 3: placing the fibre image. By (C.1) the conditional image of U is an interval
of Vi-values of length M/ag/ay, translating continuously with c(z). By (C.2) that
length exceeds diam(.J. U J.) + 4k, so there is an open set B of z-values for which the
image contains J. U J. with margin s at both ends. For every x € B each compact
subinterval of J. or J, pulls back through (C.1) to a set of Yy-values inside U of
positive conditional Gaussian probability.

Step 4: survival deletes neither set. Fix x € B and v € J. U J,, and condition on
the corresponding endpoint pair (X,,, X;) = (x¢,z). Use the affine interpolation of
those endpoints as the reference path on the fresh spell. At each fresh age g € (0, a],

its held-model-centred standardized record is

(1 —g/agp)zo + (a/ap)x — xo — /i
q/ay a\q/af uqzv\/%7

with value 0 at ¢ = 0 by continuity. Before the fresh record’s first-look age the
protocol imposes no constraint. Thereafter |v|m < o] < zo. Let dguey > 0
be the distance of J. U J, from the two standardized boundaries. A raw-path tube
of radius € < dsurv0/ap changes the standardized record by less than dg,. at every
monitored fresh age ¢ > ag. Thus the affine interpolation itself survives, and the same

tube preserves survival. The onset rejection and re-adoption inequalities depend on
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the onset endpoint and the strict ranking margin fixed in Step 2, so the same tube
preserves them as well. Conditionally on the endpoints, the residual from this affine
interpolation is a Brownian bridge. It therefore assigns positive probability to the
required tube. Hence P*(V; € J., A | Xy =2) > 0 and P*(V; € J., A| Xy = 2) > 0,
and both conditional probabilities given (X; = x, A) are positive for every x € B.
Because X; has a strictly positive Gaussian density and B is nonempty and open,
integration gives P*(A4) > 0.

Step 5: the continuation bounds. J. and J, were drawn from the centre and edge
regions of Lemma D.1(ii) at the horizon 1 and edge width ¢, fixed at the outset, and
the fresh age at t is ay € I. That lemma therefore gives next-H exit probability below

v from every position in J. and above 1 — v from every position in J.. [

Proof of Theorem 1. Part (i): non-closure under one rule and one initialization. The
revision time under any rule of Definition 1 is the first failure of the retention test on
the since-adoption record X, a functional of the adoption date o and the public
path; for any fixed prior v over the candidate laws the public posterior 8} is a function
of the canonical public-data sufficient statistic—X; in the trend channel, (/Vy, t) in the
crash channel—and the constructions below hold that statistic fixed while changing
the operative since-adoption record, so every 3 coincides across the paired histories;
we write §; generically. In the crash channel we construct two positive-probability
cylinder events under one rule and initialization, sharing (Ny, t) and the held model.
In the trend channel, on a positive-probability event and for a positive-measure set
of terminal values, the fixed regular conditional law assigns positive probability to
central and near-boundary fresh-record neighbourhoods with different continuation
laws. In neither case does a kernel K ”(ét, By; +) represent fragility on the constructed
domain.

One rule, one initialization, trend channel. Lemma C.1 supplies a positive-probability
one-holder event A—an upper onset exit, re-adoption of the incumbent, and survival

of the fresh spell to ¢ := ag+a;y—together with the open terminal set B, the calendar
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horizon H, and the two disjoint interior sets J, € [—24/4, zo/4] and J. € (24 — Jy, 2a)
of the fresh record. On A every fixed-prior posterior f; is a function of X; alone
(B.3), and each of J. and J, has positive conditional probability given X; = z for
every x € B. The lemma’s own conclusion, which is Lemma D.1(ii) applied at the
horizon and edge width fixed there, gives next-H exit probability below ~ from J,.
and above 1 — v from J., a gap exceeding 1 — 2. Apply Remark A.1 with the scalar
witness C' := [0, H| and gc := Q;(C), the probability of a next revision within H,

and fix the regular conditional version of Definition 2. Put
v(z) := Var(gc | X; = z, A).

For every x € B, conditional on (X; = x, A) the sets J. and J. both carry positive

probability, while go <~y on J. and gc > 1 — v on J,; hence
v(x) >0 for every x € B.

Suppose qc = K ”((ét, By ),C) almost surely for some kernel K”. On A the held
model is constant and f} is a measurable function of X; by (B.3), so g¢ is o(X})-
measurable on A and therefore v(z) = 0 for Py, 4-almost every x. Since B has positive
conditional measure, this contradicts the display above and proves non-factorization
through (ét, By) on A.

One rule, one initialization, two histories. The failure persists along a single holder’s
own realized histories. In the crash channel the record’s likelihood under every menu
rate depends on the path only through (N¢,t) (B.4), so two histories with a common
terminal count and date share every fixed-prior public posterior. Take the menu
{1,10} at @« = 0.1, incumbent A = 10, and physical rate \* = 10— admissible since the
theorem fixes a physical law in the same canonical family—together with a carried lead
00(10)/po(1) > € ~ 14.80, where r; &~ 0.2994 is the first upward floor-step age of the

incumbent band, i.e. the first age at which 0 leaves the Sterne region of Poisson(10a)
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at o = 0.1. History h: no arrivals through 7—probability e7191 > 0—so the floor’s
rise to 1 rejects the incumbent at the quiet record (0,r;), whose likelihood ratio
e?"t for the low rate falls below the carried lead, and re-selection re-adopts A= 10;
the fresh spell is then steered to its ceiling by the terminal-plateau construction of
Lemma E.1: date 1 lies strictly inside a plateau of the fresh band, whose value
there is {3,...,11}, so a central corridor to a slightly earlier age followed by the
prescribed remaining arrivals inside the plateau gives N7 = 11 = uy(1 — 1) with
no exit. History A’: the same construction under the original band, whose value
at date 1 is {5,...,15}, is steered to N; = 11, four counts below the ceiling, with
no exit. Both are finite prescriptions of positive probability under one rule and
one initialization; they share (Np, 1), hence every (Y, and the held model; yet the
first sits at her ceiling at fresh age 1 — r; and the second interior at age 1. Both
bands are constant on a right neighbourhood (1,1 + A] of the comparison date—
the fresh band remains {3,...,11} and the original band {5,...,15} for A small, so
no deterministic band step intervenes for either history. On that window a single
arrival takes the first history from 11 to 12 > u,(1 — ;) = 11 and so exits, while
it takes the second from 11 to 12 < u,(1) = 15 and does not; two or more arrivals
have probability O(A?). The window-exit probabilities are therefore A*A + o(A)
against o(A), so the two continuation laws differ. Proposition 5 additionally generates
staggered-reset configurations endogenously, under heterogeneous test sizes and a
sufficient carried-ranking margin; the almost-sure strengthenings are developed in

the extended working-paper version (Teguia, 2026).

Part (ii): pre-exit sufficiency and coordinate-wise necessity. The revision time is the
first exit of T, from A,(a); the band is fixed by (6, a) and the data drive T forward
given (T, a), so the revision law is a measurable function of (6, S,, a).

Necessity of the record. At fixed a > 0 the map S — T is a bijection, so a record
witness is a witness in 7. In the crash channel, write M(a) = [Aa] for the modal

count and take an age a in the interior of a step-free plateau with u,(a) — M(a) > 2;

59



by Lemma E.1 both the ceiling count u,(a) and the modal count M (a) < u,(a)—2 are
reached with positive probability and no prior exit, so both states are admissible at
(é, a) and differ only in S. Over a right neighbourhood on which the band is constant,
one arrival takes the ceiling holder to u,(a)+1 and out of band, so its exit probability
is A* da + o( da); the floor cannot reject either holder, being constant there. From
the modal state, and from any state at least two counts below the ceiling, an upper
exit requires at least three arrivals: even in the closest case M(a) = uy(a) — 2 one
arrival gives u,(a) — 1 and two give u,(a), both in band, and lower states require
weakly more. Hence {7 € (a,a+ da]} C {N(a,a+ da] > 3} and the exit probability
is O(da®). The short-window upper-exit probabilities at the same (6, a) are therefore
N* da+o( da) at the ceiling against O(da®) = o( da) from the slack-two state; dividing
by da, the corresponding rates converge to A* and to 0. In the trend channel, fix
v € (0,3) and a compact age neighbourhood I of a, and apply Lemma D.1(ii) to I

and the singleton held-drift set to obtain n and 4,.. Set
S. = fa, Se = fia + (20 — 36,)0V/a,

both admissible. Over the common calendar horizon H = a(e”—1) the exit probability
is below v at S. and above 1 —~v at S.: same (é, a), different S, different continuation

laws.

Necessity of the age. Trend channel. In additive coordinates the trend band reads
|S — fia| < z,04/a on the continuation domain, with standardized interior distance
d(a;8S) := z4 — |S — fwal/(o+/a): write r(a) := |S — f1a|/(0+/a), so that d(a;S) =
2o — r(a). We first exhibit, for a single fixed (f,S), both a central age a. with
r(a.) < zo/4 and a boundary age a* with r(a*) = z,; the two drift branches differ
only in how these are produced.

For fi = 0 the numerator |S — fia| = |S| is constant, so r(a) = |S|/(0+/a) is strictly
decreasing with r(a) — 0. Choose S with |S| > z404/ag; then a* := (|S|/240)* > ao
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solves 7(a*) = z,, and any a. > 16a* gives r(a.) = |S|/(0y/a.) < |S|/(4ov/a*) =
Za /4.

For i # 0 take a. > ag and set S = fia., so r(a.) = 0, and impose |i|(a. — ag) >
2a0+/Gg, 1.e. (ag) > z,. Since r is continuous on [ag, a.] with r(ag) > z, and r(a.) = 0,
the intermediate value theorem gives a* € (ag, a.) with r(a*) = z,.

With both ages in hand, fix v € (0, %) and let I = [amin, Gmax] € (ag, 00) contain
both. Apply Lemma D.1(ii) on I to obtain 77 and the edge width, and choose one

calendar horizon H > 0 with
Nmax = log(l + H/amin) <, Ninin := log(l + H/amax) > 0.

Put d,i = (%za + C1)Nmin and, by continuity of r, choose a, near a* with z, — dpin <
r(a.) < zo. The signed standardized record then lies in one of the two edge layers
covered by Lemma D.1(ii); the absolute-value notation r(a) is used only to locate
the boundary age. At a. the remaining-time event {7 — a, < H}, conditional on
survival to a., dominates exit over log-age Ny, S0 its probability exceeds 1 — ; at
a. the log-age horizon is at most Ny.x < 7, so it is below . The same calendar event
separates the two ages: the same (6, S) carries different continuation laws at different
ages. Lemma D.1(ii) is stated for a physical and a held drift that need not agree, so

the comparison applies at the theorem’s scope.

Crash channel. Take an age a., off the locally finite step ages, and the count n :=
I_S\CLCJ, so that [ (a.) < n < us(a.) for n large by the za\/% half-width, and let r > a.
be the first age at which the floor rises above n, l,(r7) < n < l,(r). Lemma C.4
reaches (n, a.) with positive probability and no exit; on (a.,r) the count n remains in
band—by Lemma B.6 the ceiling is nondecreasing, and the floor has not yet passed
n—so intersecting with the no-arrival event there, of probability e=*"("=%) > 0, carries
the state (n,a.) for every a. € (a., 7). Now compare the two ages over one horizon:

for a, 1 r put he := r — a, | 0; on no arrival in (a,,r], probability e *" — 1, the
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scheduled floor rise at r excludes the unchanged count, so the state (n, a.) exits within
he with probability tending to one, while from (n,a.), which is strictly interior with
the band constant on |[a., a. + he] once h, is small—a, being off the locally finite step
ages—no floor step can reject and an upper exit needs at least one arrival, so the exit
probability within the same h, is at most 1 — e > = O(h,) — 0: the same (6, n)
carries different continuation laws at a. and a..

Necessity of the held model. Distinct held models impose bands that separate, and
each channel supplies a common-state witness. Trend channel: let A := fio — ji; > 0
and assume the overlap condition A,/ag/0 < z,, which makes the trend overlap
domain nonempty after the first look. Fix v € (0,3), set a* := (02,/A)* > ap, and
fix I = [a*—p,a*] with a*—p > ag. First apply Lemma D.1(ii) on [ for the held drifts
{11, 12} and the maintained physical drift, obtaining a bound 7 > 0 valid throughout;
the lemma’s conclusions hold for every 0 < n < 7. Then fix such an 7, small enough

that the a' below lies in I, take the corresponding edge width 4,, and set

2
Ye i= Zo — %5,7, al = (UA%) ) Sti= ﬂ?aTv

and a' € I for all sufficiently small 7, since y. 1 z, and hence a' 1 a* as | 0. At the
common raw state (ST, al),

ST - /:Lgajr SJr - ﬂlaT
U—\/J: ) :yeE(Za—5mZa)>

ovat

so the jio-holder stands at her centre and the fi1-holder inside the edge layer; both
positions lie strictly inside their own bands, so the common raw state is admissible for
each model. The same horizon gives exit probability below v for the first and above
1 — ~ for the second: the same (S,a), two held models, different continuation laws.

The edge position is chosen after the horizon, not before it. Crash channel: ceilings
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separate linearly in age,
ug, (a) —ug,(a) = (A = A)a+ O(va) — o0 (A > Ay)

by the leading form of Lemma B.5, so the band functions differ from some age on even
where the integer endpoints coincide at isolated ages. Made concrete at the common
state (S,a) = (13,1) of the overlap example below. There Aé?%(l) ={4,...,13} and
Ag? '(1) = {5,...,15}, so the rate-9 holder sits at her ceiling while the rate-10 holder
is two counts below hers, and both floors lie below 13. Both bands are constant on
[1,1+ A] for A below the first subsequent step age, the earlier of which is the rate-9
band’s at a ~ 1.0041; fix such a A. On that window no floor step can reject either
holder, one arrival takes the rate-9 holder from 13 to 14 > 13 and out of band while it
takes the rate-10 holder from 13 to 14 < 15 and not out, and two or more arrivals have
probability O(A?). The window-exit probabilities are therefore \*A + o(A) against

o(A): the same (S, a), two held models, different continuation laws.

Scope. This uses age-moving bands and model-specific separation, demonstrating
that in the canonical channels the non-measurability is driven by nondegenerate age-
dependent bands and a menu-discriminating statistic rather than by record-resetting
alone. We do not claim those two features are sufficient in other channels: we establish
record and age irreducibility, a nonempty overlap domain, and distinct continuation
kernels at a common state through the Gaussian and Poisson boundary geometries.
The comparison underlying non-measurability is between admissible full states shar-
ing (7,,a): with distinct held models the continuation first-exit laws differ from the
separation age on, and such same-record two-holder configurations are admissible as
initialized states of the canonical construction, and the overlap domain is nonempty:
at Ay =10, A\, =9, a = 0.1, age 1, the bands are (B.11) and A{’)(1) = {4, ...,13}, so
every count in {5,...,13} lies in both, and two initialized age-1 holders at the same

(n,1) carrying the two models are admissible states whose continuation first-exit
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laws differ from the separation age on. On sub-domains where the bands are disjoint,
(%, a) identifies 0 and non-measurability there is vacuous relabeling; the claim is ir-
reducibility on the overlap domain, whose states the canonical construction initializes
directly; reachability from an arbitrary initialization is neither asserted nor required.
States outside the held band exit immediately by convention and are excluded from
the domain.

Part (iii): closure. The within-spell dynamics and the reset map follow from
Assumptions 1-2; the concatenation over infinitely many spells additionally requires
non-explosion, which the canonical channels supply by Lemma E.2 and which those
assumptions alone do not give—a general retention family may reject its own reset
state immediately and cascade. Between revisions 0 and p are constant, the age flows
(@ = 1), and T, evolves by the data’s Markov transition given (7}, a); at the first exit
the state jumps and the record resets, a — 0. By Assumption 1 the pathwise Wald
factor at the finite exit depends on the record only through (7, 7), so the re-ranking
does too, so p’ is a function of (p, T;, ) and 0 = Sel-(p/, é) a function of (é, p, Tr ),
the incumbent entering through the tie-retention branch. Deterministic low between
jumps, a first-exit jump time, and a state-function reset are the transitions of a
piecewise-deterministic Markov process (Davis, 1984) in the crash channel and of a
boundary-reset diffusion in the trend channel; with the data Markov the enlarged
state (é,Sreg,a, p) is therefore Markov, revision its first exit from (4). It does not
regress to a finer object: p is a finite sufficient statistic for the history’s effect on the
ranking (Appendix B), and (6, S,,a) alone suffices for the revision law, p entering
only the post-revision adoption. All claims are over a positive time interval, never by
conditioning on an instantaneous event (§3.2).

]

Lemma C.2 (Robust pointwise strong-lumpability failure). Fiz H > 0. Let E, F
be Polish, P C R? open, and let p — z(p) € E (i = 0,1) and p — y(p) € F be

continuous with m,(z;(p)) = y(p). Write q,(2) := P;H(z, {1}) and suppose (p,z) —
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qp(2) is jointly continuous on neighbourhoods of the two selected graphs. If

Gpo (21(P0)) — dpo (20(p0)) > 26

for some § > 0, then q,(z1(p)) — ¢»(20(p)) > & throughout a neighbourhood of py. For
every such p the killed kernel takes two values on one m,-fibre, so (A.1) fails and for

no such p is m, a Markov function of the killed process under every initial law.

Lemma C.3 (Robust essential non-factorization). For p near py fiz a horizon H > 0
and write g,(z) = P;H(z,{]“}). Let A, € Fyp) be any comparison event, t(p) the
comparison date, and fix reqular conditional versions

wp(y) = PP(AP | Ytz()p) = y)7 RZ() = ]P)I?(Zﬁp) S | Kz()p) =Y, Ap)

Let B, € B(F) satisfy IF’p(Yt’(’p) € B,) >0, let Og,, 01, be disjoint measurable sets,

and let cop < c1p satisfy sup,eo,  @p(2) < cop < c1p < infco,, gp(2). Suppose that

for PV, -almost every y € By,
t(p)

w,(y) > 0, #kp(Oip) >0 (1=0,1).

Then Var(qp(Zﬁp)) | Y;}(?p) = y) > 0 for almost every y € B,, so continuation fac-
torization through Y;I(?p) fails on a set of positive marginal probability. If in addition
essinfp @, > 17 > 0 and essinfp, “Z(Oivp) > m; > 0, then with A, := ¢y, — cop the

variance is at least nmomy A% almost everywhere on B,.

P

Remark C.1. Continuity is a hypothesis, not a conclusion. The proposition converts a
single separated pair into a neighbourhood of separated pairs; whether the hypotheses
hold is a channel-by-channel question, and Corollary C.1 settles it for the two canon-
ical channels: it verifies the continuity, support, and strict-gap hypotheses separately

in the two channel-specific parameter charts.

65



Definition C.1 (Parameter chart and regular benchmark). Fiz the menu cardinality

K and work locally in the Fuclidean chart

(:uh s MK ,LL*, g, &, ao, ‘60)7 trend,
p =
(A, A, A5 an b)), crash,

with €y € RE=Y a normalized vector of initial log odds and the menu strictly ordered;
giwe it the relative Euclidean topology. Each chart is open: the trend chart imposes
strictly ordered menu drifts, o > 0, a € (0,1) and ag > 0, the crash chart positive
and distinct rates with o € (0,1 —e™1), and trend drifts are unrestricted reals. Com-
pactness enters only as a proof device: around a reqular benchmark we shrink to a
neighbourhood with compact closure, on which o € K, € (0,00). Carrying o in the
chart is what licenses the phrase “perturbations of the physical law” used elsewhere.
No claim s made across changes in K.

A trend benchmark is regular when every witness age lies a positive distance after
the first look; the centre, edge and support-tube sets lie a positive distance from every
boundary, apart from the deliberately chosen short-window edge layer; the carried re-
adoption margin s strict; and the terminal-value construction has nonempty open
margin.

A crash benchmark is regular when three strict lattice margins hold with pos-
itive minima over the finite union of compact arriwal windows the cylinder con-
struction uses—not merely at their centres, so that continuity and compactness give
one primitive neighbourhood on which every admissible arrival time works. Writ-
ing pay =+ = Piy > Pty Jor the probability ordering with retained prefiz the
first k atoms, these are the cutoff-order gap Grank = Pk) — Pk+1) > 0, the overshoot
g+ = < P() — (1 — ) > 0, and the undershoot g == (1 —a) = >, p) > 0, the
last automatic from minimality of k but needed explicitly because local constancy in «

uses it. Further, the relevant age windows lie a positive distance from the determin-
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istic band-step ages; the terminal steering-age windows lie a positive distance from
every modal-transition locus j/ 5\, uniformly over the finite collection of path windows

the cylinder uses; and every in-band, slack and re-adoption inequality s strict.

Remark C.2 (Index and decomposition consequences of invisible internal exits). Con-

tinuing Proposition 3, a self-re-adoption contributes

90(97 a, 0) - @(97 a, ai)

to a coarse-state index ¢. This is nonzero whenever ¢ separates the pre-exit age from
zero—the internal-age index changes by —a~™—and is zero for every belief-only index
w(é) A switch between distinct models carrying the same report can additionally
move a model-based index while leaving the report index unchanged.

Let A denote the channel’s additive data statistic, A = X in the trend channel
and A = N in the crash channel. For either visible clock x € {M, R},

At - AaX(t) = S;eg + (Aa(t) - AUX(t))~ (C-3)

For xy = M, the residual aggregates completed records from self-re-adopted spells since
the last model change. For y = R, it also includes completed spells ending in switches
to distinct models with the same report. The residual vanishes whenever no y-invisible
internal exit has occurred, but the converse need not hold: a hidden crash-channel
spell with no arrivals, or a trend-channel collection of offsetting increments, can leave
a zero residual despite hidden exits. Its sign is unrestricted in the trend channel. In
the crash channel it is nonnegative because N is nondecreasing and o(t) > oX(t),
so cumulative count from either visible clock weakly exceeds the current internal
count. Data equality is therefore only a one-way diagnostic; the duration equalities
in Proposition 3(ii) are exact.

Proof. A self-re-adoption maps (S, a) to (0,0) while leaving 6 and « unchanged, giving

the displayed index increment. A same-report switch can alter § while preserving
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w(#). For (C.3), use the telescoping identity
Ay — Aoxp) = (At — Ao) + (Aor) — Aoxr))

whose first term is the current internal record by definition. Since every last
visible-change date precedes the last internal exit, o(t) > oX(t). The sign and
non-identification claims then follow from monotonicity of N in the crash channel

and the two-sided increments of X in the trend channel.

Proof of Lemma C.2. Joint continuity on a neighbourhood of each graph makes p —
¢(2i(p)) continuous, so each value moves by less than §/2 on some neighbourhood
of po; the gap of 26 there leaves a gap exceeding §. Since m,(20(p)) = my(21(p)) =
y(p), the killed kernel takes two values on one fibre, which negates (A.1). Only that

necessary direction is used. O]

Proof of Lemma C.3. The hypotheses are imposed almost everywhere on B, which
is what the conclusion needs: a regular conditional distribution is unique only for
Py-almost every y, so assigning a positive value to @, at a single coarse value of
zero marginal probability would not pin the version there. Openness of B, is not
required—in the trend application it is a compact interval carrying positive density,
in the crash application a positive-probability atom.

Fix such a y. Since w,(y) > 0, conditioning on {Yfgp) = y,A,} is meaningful.
Writing Var(X) = 1E[(X — X’)?] for an independent copy under that conditional law

and keeping only the two cross terms,
Var(g,(Z) | Y =y, A,) > #8(Op,) K2 (O1,) A2 > 0.

Transferring to the unconditioned law, the conditional variance decomposition over
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{A,, AS} gives
Var(qp(Z) Y = y) > wy(y) Var(qp(Z) Y = y,Ap) > 0,

the within-group term being a w,-weighted average of nonnegative variances and the
between-group term nonnegative; under the additional essential bounds this reads
Var > nmomlAg. A bound on w, alone would not suffice, since it controls the weight
on A, but not the conditional masses of the two separated sets, which could vanish
and drive the inner variance to zero.

Were qp(Zf(p)) a function of Yf(’p), its conditional variance would vanish almost

surely; it does not on B,, which carries positive marginal probability. O

Proof of Proposition 2. Trend. In raw units the deviation is o+y/ay; let D be the
distance to the nearer band edge and D; > D the distance to the farther one, both
strictly positive because the state is actively monitored, with Dy = D exactly at the
centre of the symmetric band. Over a window A the record is a Brownian motion
with bounded drift—the physical minus held drift—while each edge +z,0+/a + s has
derivative bounded on [0, h] for a > ag > 0. Hence there is a constant C', depending

only on those bounds, with

25 <D+—Ch> < q.(h) < 20 (D_—Ch> + 2<I><—Df - Ch)
ovh ov'h ovh
for h small: the lower bound moves both boundaries outward by the maximal displace-
ment and keeps only the nearer one, the upper bound moves them inward and adds
the two one-sided passages. Since log ®(z) = —2%/2 — log x + O(1), multiplying by h
sends both sides to —D?/(20?): the D; term contributes a limit no larger, and when
D; = D the two one-sided passages share the leading exponent, which a finite sum
of two terms preserves, hlog(qi(h) + ¢2(h)) — —D?/(20?); and D?/0? = a(za — |y|)*.
The same estimate, taken over a compact set of actively monitored states bounded

away from the first-look age and from the boundary, is uniform in z, since C', D and

69



Dy are then uniformly controlled.

Crash. On the plateau containing the current age the band endpoints are constant,
and the right interior assumption puts the next deterministic step beyond the window,
so no scheduled exit occurs there. An upward exit within h therefore requires at
least 7(z) arrivals, and g.(h) = P(N(h) > r(z)) with N Poisson of rate A\*. Thus
log g.(h) = r(z)log(A\*h) — logr(2)! + O(h) and log q.(h)/log h — r(%).

Both limits are functionals of h +— ¢, (h), hence of the killed kernel at the ceme-
tery state. Two states with different indices therefore have different killed kernels,

contradicting (A.1) on that fibre. O

Proof of Lemma D.1. (i) Crash channel. Fix an age a with u,(a) — l,(a) > 2 at
a non-step age with a step-free right neighborhood—the step ages locally finite on
compacts, the width growing like ZZQ@ (Lemma B.5). Fix h > 0 below the distance
to the next step age and write N (t,t + h] for the arrival count, Poisson of mean A\*h,
independent of F;. From the ceiling, an arrival exits and nothing else moves the
count: {7 € (t,t+ h|} = {N(t,t + h] > 1} and the conditional window probability is
1—e " = X\*h+o(h). From a slack-two position, the first two arrivals leave the count
at most u,(a), inside the closed band, so {T € (t,t + h|} C {N(t,t + h] > 3} and the
conditional window probability is at most 1—e~*""(1+4+X*h+1(A*h)?) = O(h®) = o(h).

(11) Trend channel. Fix «, I € (ap,00) and the compacta K, K+, and pass to
logarithmic age: a calendar window at current age a of length h is the log-age window
of deterministic length n = log((a+h)/a) > 0, and the exit-time claims transfer along
this deterministic, strictly increasing time change. The tested standardized record
is not the driftless noise component: it satisfies the nonhomogeneous equation of
the statement, which reduces to the stationary Ornstein-Uhlenbeck form only when
= fr. Write g,(y) for the conditional exit probability from the in-band position y;
conditional on Yy = y the future tested record follows the killed transition law of that
diffusion, so the F;-conditional window-exit probability equals ¢,(y) almost surely.

Throughout, |k, < Cre Y2 fora € I, ji € K, and p* € K+, so every bound below
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is uniform over those compacta. Fix v € (0, %) and take n < 1.
Near the edge. Let y € (24 — 0y, 24). On the event that no exit has occurred by

log-age u < n we have |Y,| < z, for r < u, and since }ma,ﬂ fou er/er’ <Cpm,

Yu:y—%/ Y}dr—l—nw/ e"?dr + B, > y— (320 + Cr)n + By.
0 0

Hence on {supugn By > (20 —Y)+ (320 + C1)n} the record has left the band by 1. On
the edge layer z, —y < 9, = (%za + C7)n, so that threshold is at most (z, + 2C7)n,
and the reflection principle—whose supremum law is atomless (Karatzas and Shreve,

1991, Chapter 2)—gives

a(y) = 29((za +2C1)Vn),

which tends to one as 7 | 0, uniformly in a € I, i € K, p* € K,» and 0 € K,.
Choose 7; so that g, > 1 — « there for every n < 7;. For y € (—za, —2a + 0,) apply
the same argument to Y = —Y, driven by B = —B: its forcing coefficient is —kq j,
bounded by the same C, so the identical lower bound holds at the lower edge.

Near the center. Let |y| < z,/4. With ¢(u) = sup,, || the same identity
gives o(u) < |y| 4 sup,<, |B;| + Cin + 5 [, ¢(r) dr, and Grénwall’s inequality yields
¢(n) < (lyl+sup,<, | Bu|+Cim)e?’?. Shrink 5 so that Cn < z,/8—possible uniformly
over I, K,,, K, and K, all being bounded-—so that %e"ﬂ < 1, and so that 9, < z,/2;
the last condition places the edge layer inside {|y| > z,/2}, disjoint from the centre
neighbourhood {|y| < z,/4}, so the two sets the lemma compares never overlap.
Then, from |y| < z,/4 and Cn < 2,/8, an exit requires (%za—i—supugn ]Bu|)e’7/2 > Zas

hence sup,<, |Bu| > za€™"? — 22z, > 2z,/2 by the second smallness condition, so

w(y) < 4(za/(2y1) — 0O,

again uniformly. Choose 7, with ¢, < 7 there, and set 7 := min(7;, 72): one horizon,
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one edge width, both bounds, uniformly over I, K,,, K, and K,. O

Lemma C.4 (Central finite-age entrance). Fiz a held rate A > 0, a physical rate

N >0, and o <1 —e L. Then for every finite age a,
PY(r>a, N, = D\aj) > 0.

Proof. The target is the held-model mode: at age r the held mean is A and q(r) ==
|\r| is a mode of Poisson(Ar), hence carries the largest atom and belongs to the
probability-ordered region A™(r) at every age. At a modal transition age r; := j/ A,

7 € N, the atoms at 7 — 1 and j are tied largest. Since the retained mass satisfies

1 1

1 — a > e while every Poisson atom at mean at least one is at most e™*, no single
atom attains the mass floor, so the region contains at least two integers and hence
both tied modes; by continuity of the atoms in r, both remain admitted on an interval
I; of positive width around r;. Below the first transition, Ar < 1, the mode is 0 and
the region contains it.

Fix a and take the transitions r; < a, finitely many and separated by 1/ ;\, with
the I; pairwise disjoint and contained in [0, a]; if a is itself a transition age, take the
final window one-sided, immediately to its left, so that the last arrival precedes a. Let
W be the event that exactly one physical arrival falls in each I; and none elsewhere in
[0, a]; prescribing finitely many Poisson increments on a compact interval, PA" (W) > 0
for every A* > 0. On W the count equals ¢(r) off the windows and, inside I, is j — 1

before its arrival and j after, both admitted throughout I;; so the record never leaves

the band on [0,a] and N, = [Aa]. Hence 7 > a on W. O

Corollary C.1 (Local robustness of continuation non-factorization). Fiz a canon-

ical channel and a regular benchmark po in the channel-specific parameter chart of
Definition C.1 above, and write q,(z, H) := P2(r"™ < H).

In the trend channel there are a horizon H > 0, disjoint full-state neighbourhoods
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E. E., and € € (0,3) with

sup ¢, (2, H) < ¢, inf g, (2,H) >1—¢.
ZEEC ZEEE

In the crash channel there are a step-free horizon H > 0, disjoint neighbourhoods

E;, By, and 6 > 0 with

inf g, (2, H) > sup qy(z,H)+ 9,
z€bp zeE;

with the benchmark chosen so that, for all small h,

Opo(2,h) < h (2 € E), Sup gy, (2, h) < Ch®.

zeE;

The two channels realize the common-summary requirement differently. In the crash
channel E; and Ey are carried by cylinders sharing one public count and date, so
both lie in a single exact fibre. In the trend channel the requirement is the measure-
theoretic analogue: for every public terminal value in a positive-marginal open set,
the reqular conditional full-state law charges both a central-record neighbourhood and
an edge-record neighbourhood.

There is an open neighbourhood U of py in the chart on which the corresponding
strict inequalities and support properties persist. Hence for every p € U and every
fixed prior v on the maintained menu, fragility does not factor through (ét, B;7) under
the initialized physical law, and the killed projection also fails Dynkin’s fibre-constancy
condition for an all-initial-law quotient semigroup. Holding the remaining coordinates
at their benchmark values, both failures persist for every « in a nondegenerate interval

around «p.

Remark C.3. The claim is local in the relative Euclidean topology of the fixed-
cardinality channel chart of Definition C.1; no residual, generic, or full-measure state-

ment is made. Universality would in any case be false, since degenerate bands, trivial
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menus, and summaries that already include the adoption record all restore closure.
What the corollary rules out is the reading that the failure is an artifact of one

numerical menu or of an exact equality in the construction.

Proof of Corollary C.1. The channels verify the required support and gap propaga-
tion by different routes: direct compact-uniform inequalities in the trend channel,
and the generic continuity lemma in the crash channel. In each we exhibit continuous
selections p — y(p) and p — z;(p), with each z;(p) in the conditional support over
y(p) and a strict gap in g, between them. The channels are treated separately: they
live in different charts of Definition C.1, and the gap has a different geometry in each.
The corollary verifies the continuity, support, and strict-gap hypotheses separately in
the two channel-specific parameter charts.

Trend. We construct the two selections of Lemma C.2 in five steps, from the
witness’s own objects: its terminal-statistic set B, central and edge record neigh-
bourhoods J., J., Brownian tube 7', horizon H, and strict gap.

(i) Margins at the benchmark. Record the positive distances from the first-look
age, from the non-targeted band boundary, from the endpoints of B, and in every
re-adoption inequality. Shrink .J., J. and T" once so that all of these are strict.

(i) Affine reference path. For nearby drifts, physical law, «, onset and ranking,
keep the same normalized centre and edge target sets. For each conditioned onset
and terminal endpoint, take the fresh-spell reference path to be their affine interpo-
lation. The public terminal sufficient statistic and the fresh-record endpoints vary
continuously with p, which supplies the maps p — y(p) and p — z;(p).

(#ii) Conditional support. Fix a compact terminal interval By € B and compact
onset subintervals whose affine fibre images lie in the central and edge target sets

with a common positive margin. For a conditioned pair (X,,(), Xip)) = (%0, ), put

L(p) :=t(p) — ao(p) and

r — w0 — p)L(p)
a(p)v/L(p)

v(p, x,xg) =
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Along the affine interpolation of the endpoints, the standardized fresh record at fresh
age ¢ = sL(p) > 0 is exactly v(p, x, x9)+/s, with value 0 at ¢ = 0. After shrinking the
primitive neighbourhood, let dgyv > 0 be a common lower bound on the standardized
distance of every target interpolation from =z, at monitored ages, and let ao_ :=

inf, ap(p) > 0 and o_ :=inf, o(p) > 0. Choose

0 <& < dsurv0—+/ap—.

Then a raw-path perturbation of sup norm below ¢ changes the standardized fresh
record at any monitored age ¢ > ao(p) by at most ¢/(0_,/ay, ) < dsurv- Hence every
such tube preserves all fresh-spell survival constraints. The onset and re-adoption in-
equalities are preserved by their separate strict endpoint and ranking margins. Thus
the support events required by Lemma C.3 are precisely the affine tubes used below,
not tubes with a different centre. Conditionally on the endpoints, the residual from
the affine interpolation is a Brownian bridge. Ordinary Brownian full support before
conditioning is therefore not used. The remaining Gaussian density and compact-
ness arguments give uniform positive conditional mass to both target-state sets and
positive marginal mass to By.

The uniform bounds Lemma C.3 consumes follow from an exact scaling repre-
sentation rather than from any abstract Gaussian-measure theorem, and the chart
moves the onset ag(p), the comparison date t(p) and the volatility, so the representa-
tion must absorb all three. Shrink the primitive neighbourhood and terminal interval

so that
0 < L. <L(p):=tp) —aolp) < Ly <00, 0<o-<o(p) <oy,
and choose compact onset subintervals whose affine fibre images lie in the central

and edge target sets with a common positive margin. Condition on X, = xo and
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Xi(p) = =. Under the affine time change s — ao(p) + sL(p),

Xoorsr — [(1— )z +s2] £ o(p)V/L(p) B,  0<s<1,

with BY a standard Brownian bridge. If the reference tubes have uniform radius ¢ > 0

then

P(sup |o(p)/L(p) B <5) > IP’(HBOHOO<5/(0+ L+)> — 5 >0,

0<s<1

one constant serving every admissible primitive. The conditional Gaussian density
of Xy given Xy, = x is continuous and strictly positive on the compact set of
(p, x, xg) the construction uses, hence bounded below by some ¢y > 0; integrating over
either fixed positive-length onset subinterval gives the common lower bound c|/|cp
for the corresponding reset-and-survival tube. This supplies both conditional set-mass
bounds and the bound on w,, with explicit constants that survive the perturbation.
Pointwise positivity for each individual bridge would not have sufficed. These are
exactly the hypotheses of Lemma C.3.

(iv) Continuation gap. The consumer here is Lemma D.1(ii), which compares a
central set with a shrinking edge layer; the compact-uniform estimate behind Propo-
sition 2 applies only away from the boundary and cannot deliver an exit probability
near one on such a layer. Lemma D.1(ii) is uniform over I x K, x K, - x K,, which
is exactly the range a continuous perturbation of the chart produces; with continuity
of z, in «, the centre-versus-edge inequalities survive with half the original mar-
gin. Those uniform inequalities propagate the gap directly, so this channel verifies
the conclusion of Lemma C.2 without invoking its joint-continuity hypothesis: no
continuous-dependence theorem for killed diffusions is imported. The band is not
locally constant here, and the argument does not need it to be.

(v) Coarse fibre. The paired paths are built with the same public terminal suffi-

cient statistic and the same held model, so every fixed-prior posterior coincides within
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each nearby primitive and 7,(2¢(p)) = m,(21(p)) = y(p) for every nearby p.

Crash. The robustness benchmark is not the witness of Theorem 1(i), whose reset
occurs at the deterministic step age r; and therefore sits at zero distance from a step
locus—excluded by Definition C.1. We rebuild it on plateau resets, in an explicit
choice order, so that the definition is literally satisfiable.

Choose a regular plateau (b—,b") with A,(a) = [L,U] N Z, large enough that
some compact J € (b~,b") has U — M(a) > 2 for every a € J, for the modal count
M; Lemma C.4 supplies the positive-probability modal entrance P(7 > a, N, =
|Aa]) > 0 to every finite age, and the band width grows like 2za\/% while U — M (a)
grows with it, so such a J exists at large plateau ages. That lemma is pointwise
in the primitive, so the corridor must be made uniform. Take the finitely many
benchmark modal transitions T? =j/ Ao occurring before the two steering ages and
choose compact windows [; inside intervals on which both adjacent counts j — 1
and j are admitted. Shrink the primitive neighbourhood so that every perturbed
transition 7;(p) = j/A(p) stays in int I; and the same two counts remain admitted
throughout I;. The fixed cylinder with one arrival in each I; and none between them
then survives under every nearby primitive, with strictly positive probability because
A*(p) > 0. Local constancy of [L, U] fixes U, but not M, and M;: the held rate is itself
a primitive coordinate, and a modal count changes whenever a locus j/ \ crosses a
steering age—a locus which need not be a band-step age, so the step-distance margin
does not exclude it. Let K, K; € J be compact intervals containing every operative
age the two cylinders can generate at the left endpoints of their terminal steering
windows, chosen—possible because only finitely many modal-transition ages lie in

the compact plateau and the windows can be narrowed—so that
dist (AN F, Z) >0, dist(N\K;, Z) > 0.

Shrink the primitive neighbourhood U until inf ey, dist(A(p)K;, Z) > 0 for j € {b,i}.
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Then a — |A(p)a] is constant on each K; and throughout U, and

AP)ay (@,p)] = My, [A(p)a; (w,p)] = M,

for every admissible arrival configuration w in the cylinders and every nearby p, so
with U fixed the prescribed counts U — M, and U — 2 — M, are unchanged and
nonnegative throughout the neighbourhood. The terminal neighbourhoods Oy, O;
restrict the count coordinate to the singletons {U} and {U — 2} and vary only the
continuous coordinates within the common step-free plateau, so the one-arrival and
three-arrival formulas hold uniformly on the sets and not merely at their centre states.
Choose T, H,n with [T'—n,T + H] C J. Inside the fresh singleton phase select two
relative interarrival reference times—measured from the start of the spell in which
each falls—with total below 7, and small positive-width windows around them.

Such a plateau exists: the rank-swap and mass-attainment ages are locally finite,
so an interior point of a sufficiently large plateau avoids them and carries positive
cutoff, overshoot, undershoot and step-distance margins. Steering is explicit rather
than named, and the two cylinders steer from different operative ages, so their modal
entrance counts must be named separately. Choose final steering subintervals whose
left endpoints correspond to operative ages a, ,a; € J in the boundary and interior
cylinders, and write

M, = [Aay |, M :=|\a]].

Since @, ,a; € J, the maintained condition U — M (a) > 2 on J gives M,, M; € [L, U]
together with U — M, > 2 and U — M; > 2, so both prescribed counts below are
nonnegative integers. Conditional on modal entrance at the relevant left endpoint,
prescribe exactly U — M, arrivals in disjoint narrow windows in the boundary cylinder
and exactly U — 2 — M; in the interior cylinder, with no others before the comparison
date. The band is the fixed interval [L,U] throughout the steering windows, so

every intermediate count remains admitted and each finite cylinder survives to the
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comparison date with strictly positive probability. The boundary cylinder runs modal
entrance from age zero and reaches operative count U at date T. The interior cylinder
requires the two early singleton exits with strict self-re-adoptions and, from the second
reset, runs the same construction in relative age, reaching current age T' — g9 € J
with operative count U — 2. Its two early arrivals are public but excluded from its
operative record, so the terminal public counts agree at U. Prescribing every arrival
in a sufficiently narrow relative-age window gives one finite cylinder that works for all
admissible arrival times, with a common strict margin in every admission and ranking
inequality. A terminal count inside the final band would not suffice on its own: the
crash floor is not monotone, so survival to 7" needs the corridor, not just U —2 > L.

Both cylinders have positive probability, the same public count Ny = U, the same
held model, and hence the same fixed-prior posterior. Let C} ,, C;, € Fr denote the
two positive-width path cylinders and let O, O;, be the perturbed versions of the
main-text neighbourhoods FEj, E;: disjoint terminal full-state neighbourhoods around

the boundary and interior states, so that by construction
ijp C {YZII“7 = Yps Zg € Oj,P}v J € {b7i}a

for the same positive-probability coarse atom y,. Put A, = C},,UC;, and B, = {y,}.
Each cylinder has positive probability, so conditional on Y7 = y, and A, the full-
state law assigns positive mass to both Oy, and O, ,; the displayed Poisson formulas
separate g, on those sets. The two kinds of object are distinct and are kept so: A,
is a path event, while <l is a law of Z%. and takes state sets. Lemma C.3 therefore
yields positive conditional variance on the atom. For the all-initial-law clause, take
z1(p) and zy(p) to be the deterministic states at the window centres, which lie in the
topological support and vary continuously in the rate coordinates; the positive-width
cylinders do the support job, the centres the selection job, and these are separate.
Continuity of the future kernel along those graphs is explicit rather than inherited

from the past cylinders, which govern reachability and not the killed current-spell law
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after T'. On the step-free plateau,

2

Go(H) = 1= 00 g () =1—e™ (14my+ %), my= N(p)H,

both continuous in A*; with local constancy of the plateau absorbing the held-rate and
tolerance coordinates. Cylinder probabilities and Wald factors are used only to pre-
serve support and the held-model selection; neither governs the killed current-spell
law after T'. Over the step-free window the separation is the strict finite-horizon
gap: at the fixed step-free H the ceiling exit has probability of order H, while
SUp,ep, @p(2,h) < Ch? for all sufficiently small h, since every state in E; requires
at least three arrivals; where every such state requires exactly three, the two-sided
ch® < q,(z,h) < Ch® holds. Both vanish as H | 0, so no near-one bound is available
in this channel and none is used. The two states lie in one coarse fibre, and each
lies in the conditional support over it because the cylinder carrying it has positive
probability. The positive-width cylinders establish that the selected states remain
in the conditional support and that re-selection continues to return the maintained
held model. Continuity of the killed future kernel follows from the displayed Poisson
formulas. The regularity margins grank, g+ and g_ are used only to keep the retained
integer prefix, and hence the plateau [L, U], locally constant in the held rate and
tolerance. Definition C.1 is needed precisely because the integer band can otherwise
move discontinuously under primitive perturbations. At a regular py the retained
prefix is pinned by three strict inequalities: the cutoff-order gap ¢rank, the overshoot
g+, and the undershoot g_. All three are continuous in (5\, a) away from the rank-
swap loci. Hence throughout a small enough neighbourhood the cumulative mass of
the first £ — 1 ordered atoms stays below 1 — «, the cumulative mass of the first k
stays above 1 — «, and the cutoff ordering is unchanged. The retained integer prefix,
and therefore [L, U], is locally constant, so the cylinder arithmetic is unchanged on a
neighbourhood whose radius is governed by the smallest of the three margins. Two

local-stability ingredients are explicit rather than implicit. The comparison horizon
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stays strictly before the next deterministic step age under every nearby primitive,
which is the positive distance from step loci required by Definition C.1; and the two
paired states keep the same public count and calendar time, so their fixed-prior poste-
rior remains common after the perturbation. The selections are therefore continuous,
the band being locally constant and the cylinder arithmetic unchanged.

Two conclusions now follow, and they are different claims.

(a) Robust strong-lumpability failure. The two channels reach this conclusion by
different routes, and it is worth separating them. In the trend channel the compact-
uniform centre-versus-edge inequalities of steps (iii)—(v) already hold throughout a
neighbourhood of pg; together with the continuously selected same-fibre states they
give fibre non-constancy directly, and no joint-continuity hypothesis for the killed
diffusion is used. In the crash channel the selected states vary continuously, the
plateau and its integer endpoints are locally constant, and the explicit Poisson exit
probabilities are continuous, so Lemma C.2 propagates the benchmark gap to an open
U with ¢ half that gap. In either channel, for every p € U the projection is not a
Markov function under one common semigroup for every initial law.

(b) Robust initialized-law continuation failure. In the crash channel the two cylin-
ders retain positive probability under nearby primitives, and in the trend channel
step (iii) supplies By with positive marginal mass, positive conditional probability of
the reset event, and positive conditional mass on both tubes. Lemma C.3 then gives
Var(qp(Zf(p)) | Y;’(’p)) > 0 on a coarse set of positive probability, for every p € U:
continuation sufficiency fails under the initialized physical law, not merely pointwise.
Its a-section is a nondegenerate interval: in the crash channel because the band is
locally constant in « at a regular point, and in the trend channel because the strict

gap is continuous in «. O

Proof of Corollary A.1. Write ¢;(h) := q.,(h). We first show that the functions
qi, - - -, qm are linearly independent on every sufficiently small horizon interval.

In the trend channel, relabel so that [(z1) < --- < I(z,,). If j > 4, Proposition 2
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gives

q;(h) I(z) — I(z)
hlog () — —— <0,

so qj(h)/q;(h) — 0. If Y. ¢;q;(h) = 0 for all small h, let i* be the smallest index with
¢~ # 0. Dividing by ¢;«(h) and sending h | 0 leaves ¢;x = 0, a contradiction. In the
crash channel, relabel so that r(z;) < --- < 7(2,). Then, for j > i,

log(g;(h)/qi(h))
log h

— r(z;) —r(z) > 0.

Because logh — —oo, again ¢;(h)/¢;(h) — 0, and the same dominance argument
proves linear independence.

It follows that the m — 1 functions g¢;(h) := ¢;(h) — ¢gn(h), i = 1,...,m — 1, are
linearly independent. Therefore there exist sufficiently small horizons hq, ..., Ay 1

such that the matrix

Api = gi(he) = qi(hi) — qm(h)

is nonsingular: otherwise the vectors (gi(h),...,gm_1(h)), as h varies, would span a
proper subspace of R™~!, yielding a nonzero linear combination of the g; that vanished
identically.

Use (wy,...,wn—1) as coordinates on Ay | and put wy, = 1 - . w; The

vector of exact predictions at those horizons is

w1

m—1

P(w) = (qu(h)); = (am(b)) )+ A |,

Wm—1

so rank DP(w) = m — 1. A regular realization gives P = G o7, where G =

(Ghyy...,Gh,,_,). By the chain rule,

m — 1 =rank DP(w) < rank Dn(w) < d.
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This proves the conditional mixture lower bound.

It remains only to verify the supporting claim about the expressly enlarged
observer-prior class: the canonical state spaces supply compatible supports of
arbitrary finite size when the comparison date itself is taken as the observer’s
initialization date. Take the comparison date to be the observer’s initialization date,
so the pre-initial operative record is part of = rather than the observed history. In
the trend channel, fix one held model, one age a > ag, and one current public state.
Choose m values y; € (—zq, 2o) With pairwise distinct z, — |y;|, and initialize the
corresponding since-adoption statistics at S; = fia + oy/ay;. All states carry the
same current report and public state, while I(z;) = a(z, — |y:|)? are pairwise distinct.
In the crash channel, Lemma B.5 gives right-interior plateaux whose accepted width
diverges with age. Choose one with at least m counts and set S; = un(a) — i + 1,
1 =1,...,m. The states again share the held model, public state, and report, while
r(2;) = . Thus the observer-prior class contains compatible m-point supports with
arbitrary interior weights for every m. The inequality d > m — 1 rules out one fixed
finite d uniformly over that class. Any regular exact filter would in particular induce
the predictive realization of Definition A.1, so the same impossibility applies to the

filter. O

Proof of Corollary 1. Fix one public history and compare two admissibly initialized
holders whose operative records began at different dates. This is an initialized
common-information comparison; the pair is not asserted to be a joint positive-
probability realization of one rule from a common prior.

Crash channel. By Lemma E.1 fix an arbitrarily large step-free age a with
uq(a) — M(a) > 2, M(a) := |Aa], and positive survivor mass at the count M (a).
Initialize holder A at calendar date t with age a4 = a and surviving count N = M (a),
and holder B as having just reset at ¢: (S,ag) = (0,0), her band the initial region
{0}. Both hold 6 and share the public path, hence every 3;; the adoption dates differ,

oa < op =t. Over a step-free window (¢, ¢+ A] inside B’s {0}-phase, one disaster re-
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jects B—any arrival leaves {0}—at conditional probability A*A+o(A), while it moves
Ato M(a)+1 < uy(a)—1, in-band, her window-exit probability o(A): the conditional
revision laws differ, so the revision law is not o(f;)-measurable on this domain of ad-
missible initialized states. The construction consumed only reset-on-adoption, the
fixed-size band, and o < 1 — e !: it covers every canonical Poisson crash implemen-
tation satisfying the displayed tolerance, reset, and step-free-window conditions, and
makes the comparison object exact. The witness exhibits two admissible full states
on one path with the same f; and different exit intensities, so no o(/3;)-measurable
description carries the conditional revision law. And the adoption dates 04 < op
are initialized states of the canonical construction—initial conditions of the flow, not
claimed as a positive-probability configuration of a single rule-generated path from a
common prior; adjoining the holder-specific reset date—the supplementary variable in
the operative state— is exactly what restores the Markov description—the theorem’s
point, not its concession.

Trend channel. Because the corollary is existential we may separate the ages and
exhibit one feasible path outright, rather than infer feasibility from an inequality; the
ages are therefore chosen first and never revised. Fix v € (0, %), choose ap > a¢ and
a4 with

ro:=as —ag > ag, for instance ay > 2ap, (C.4)

and let I € (ag,00) be a compact interval containing both. Apply Lemma D.1(ii)
on I and the singleton held-drift set to obtain one log-age bound 7 > 0 and the
associated edge width ;. Only now choose yp in the interior of the upper edge layer

(2a — 03, 2a), and put the common calendar horizon
H:= aB(677 — 1),

so the younger holder’s log-age horizon is exactly 7 while the older holder’s is n4 :=

log(1+4 H/aa) < n. Let Ra(s) denote the older holder’s centred raw record at older
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age s, and define the reference path

S —a
Ra(s) = —ovapyp — (0 < s <ryp), Ra(ro+q) = oyg g B

7o - Vvap

(0< g <ag).

Then R4(aa) = 0, so the older holder ends exactly at her centre, while the younger
holder’s since-adoption increment is Ra(ro + q) — Ra(r0) = o0ypq/\/an, so her stan-
dardized record ends at yp in the edge layer. Both survival constraints hold along

the path: for the older holder

|Ra(s)] [ap
su < — < z
0<s§%A ovs T lvs] To “

by (C.4), and the younger holder’s standardized path is yg+\/q/ap, strictly inside the

band before its endpoint. This displays a deterministic path meeting both additive
record identities and both survival constraints, which is what licenses the appeal to
Brownian full support below. Exact terminal positions are null events under the
nondegenerate Brownian law and are not used: the two neighbourhoods are what
Lemma D.1(ii) consumes, and they, like the two survival requirements, are open
conditions on the path, so a small uniform tube preserves all four and Brownian
full support gives it positive probability. On that tube the common remaining-time
event—exit within the next H calendar units, i.e. {T—a < H} conditional on {7 > a}
at each holder’s current age a—has probability below v for the older holder—its log-
age horizon 714 being shorter than 7, so the centre bound applies a fortiori—and above
1 — v for the younger. The two fragilities therefore differ as measures on remaining
calendar time. Both holders retain the same model and share every fixed-prior public-
history posterior, while their short-window continuation probabilities are separated

by the centre-versus-edge comparison of Lemma D.1(ii). O

Adaptedness versus factorization. For a single initialized holder each revision date

o) is an (F;)-stopping time and the revision counting process is adapted, its com-
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pensator predictable. The issue is therefore not adaptedness but factorization: the
conditional revision kernel is a(ét, Sa., 0 )-measurable—equivalently, at positive ages,
o (6, Ty, , a)—but does not factor through (6, 8Y) along the one-holder histories of
Theorem 1(i), nor across holders (Corollary 1); the posterior carries the menu weights,
the record carries the age. (A literal filtration enlargement appears only under ran-
domized initialization, when the same fact appears as the revision law’s projection

onto the posterior-generated subfiltration being a coarsened average.)

Proposition 5 generates the same-model witness through finite positive-probability
path constructions; the stronger common-path results are reserved for the extended

working-paper version (Teguia, 2026).

Proof of Proposition 1. Fix a current state z. In either canonical channel, future in-
crements of the maintained Lévy process are independent of the current filtration,
the first-exit functional is measurable, and the likelihood update, selector, and re-
set map are measurable. Iterating this flow-and-reset construction therefore gives a
measurable joint law of the next exit time and the post-exit state as a function of z;
this is K. Conditioning at a comparison date ¢t and using the state factorization of
Theorem 1(iii) gives (9). Taking the time marginal gives fragility, and pushing the
post-exit state through w o pr, gives the report mark.

For the report-change law, partition the event that the first visible report change
occurs at the (n + 1)st internal exit according to the number n > 0 of preceding
report-invisible exits. Conditional on the state after each silent exit, the future flow-
and-reset construction restarts from that state. Hence the law of the event with
n silent exits followed by one visible exit is (KY)*™ x K.. The events are disjoint.
Nonexplosion implies that every finite report-changing time appears in exactly one
term, while paths with only silent exits or no later exit contribute the missing mass
at infinity. Summing gives the series and its one-step decomposition (10). Minimality

follows by monotone iteration from the zero kernel. m
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Proof of Proposition 4. Use the two crash-channel cylinders in the proof of Theo-
rem 1(i), but enlarge the menu to © = {1, 10,12}, keep the physical and held rate
equal to 10, and keep a = 0.1. Let r; be the first upward floor-step age of the rate-10
band. On the boundary cylinder Ej, the holder has no arrival through r;, exits at that
deterministic floor step, self-re-adopts rate 10, and reaches date 1 with fresh count 11
at the ceiling of the plateau {3,...,11}. On the interior cylinder E; there is no reset
and the holder reaches date 1 with public count 11, four counts below the ceiling of
{5,...,15}. Both cylinders have positive probability and share (Ny, 1); hence every
fixed-prior posterior over the enlarged constant-rate menu is the same. Their report
paths through date 1 will also be the same under the ranking chosen below.
Set
g = 1210g% —2= 1210g§ — 2.

The inequality log(1l + x) > x/(1 + ) for > 0, applied at x = 1/5, gives g > 0.
Let Ay > 0 be a common right step-free horizon for the two displayed plateaux and

choose 0 < A < min{Ay, g/4}. Take unnormalized initial weights
po(10) =1, po(12) = e79/2, po(l) =,
and normalize them to sum to one. Choose € > 0 small enough that

po(10)
log o) > 9ry (C.5)

and rate 12 strictly dominates rate 1 after every stopped history with (N, t) = (12, 1+

s), 0 < s < A. This is possible because the latter requirement is a finite strict

likelihood-odds bound on a compact interval, while log{po(10)/po(12)} = g/2 is fixed.
At the quiet exit (N,t) = (0,7),

pm(lo) _ g + 27“1 > O, 1 pTl(]‘O) —1 p0(10>

og 0g = log
:01“1(12) 2 :01"1(1> :0()(1)

—97’1 > 0.
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Thus the boundary history’s first exit is a self-re-adoption of rate 10, so neither history
changes its report before date 1 and both report clocks have origin zero.

Suppose the first post-1 arrival occurs at 1 4+ s, 0 < s < A, on Ej. It moves the
fresh count from 11 to 12, outside the fixed ceiling 11. Sequential likelihood re-ranking

over completed records equals full-history likelihood re-ranking, and

12 12 12
'01+8—():10ng( )+1210g——2(1+s)
p145(10) po(10) 10

9
== —25>0.
9 S

log

By construction rate 12 also beats rate 1, so re-selection chooses 12. Choose the
report map with w(12) # w(10). Hence on E, the first post-1 arrival is exactly the
next report change, giving 1 — e~ 104,

On E; the band remains {5,...,15} throughout the same horizon. Starting from
count 11, an internal exit—and therefore any report change—requires at least five
arrivals. Thus its probability is bounded by P{Poisson(10A) > 5} = O(AS). The two

events have the same «, held model, fixed-prior posterior, current report, and report

duration, but the two report-change laws satisfy (14). O

Proof of Proposition 5. Trend. With a1 > ao, 24, < 2a,; at first-look age the common
standardized record is nondegenerate Gaussian, so, writing Yy, = /ao(Xs, — 1)/0
for the tested statistic, nondegenerate Gaussian under any drift misfit, £ := {z,, <
|Yao| < za,} has positive probability: agent 1 exits at onset, agent 2 survives, and
agent 2’s band excludes an immediate exit on a following window of positive probabil-
ity. Crash. Fix a step-free age a at which the ceiling gap satisfies uq, (@) —uq, (a) > 2—
the gap diverges by Lemma B.5—and ¢ > 0 with the narrower band constant on
l[a — €,a]. By Lemma C.4 the common count reaches a — ¢ at the modal count
M (a — ¢) with no exit under «;, hence none under «s by nestedness; prescribing
the uqa, (a) — M(a — €) further arrivals inside the terminal plateau, where the band

does not move and every intermediate integer is admitted, brings both to the count
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Uq, (@) at age a with no exit—the terminal-steering route of Lemma E.1; one ar-
rival before the next deterministic step then exits agent 1 alone, leaving agent 2 at
Ua, (@) +1 < ug,(a) —1, at least one count inside her band: over a short step-free win-
dow agent 1, reset to the singleton {0}, exits at the next disaster, probability 1—e=*"",
while agent 2 survives one disaster, her exit probability at most 1—e~*""(14+\*h), and
the two laws differ directly. Call this finite prescribed-increment event E. In either
channel the pathwise Wald factors on E depend only on a bounded sufficient statis-
tic over a bounded duration, so Cp := sup,,c p max_log{ Ly(Xp(w))/Ls(Xr(w))} is
finite; when M (p,0) > Cj the exit record cannot overturn the incumbent’s carried
ranking in the re-selection (8), so the exiting agent re-adopts 6 while the other never
rejected it. On a following nonempty interval the two hold the same model with
different reset dates and operative records, sharing every fixed-prior public posterior
on the common path, and their continuation laws differ on the constructed event:
in the trend channel the reset agent cannot revise before her first-look age arrives—
zero revision probability on (s,s + ag) from the self-re-adoption date s—while the
surviving agent’s interior nondegenerate record reaches her boundary before s + h
with positive probability for any h € (0, ag); in the crash channel the reset agent, on

the singleton {0}, exits at the next disaster while her companion survives one, the

window probabilities 1 — e™*"" against at most 1 — e (1 + \*h). O

D The revision hazard as a measure

This appendix records the hazard measure and its channel split; the type (é, «) is fixed
throughout and suppressed where unambiguous. In the disputed-crash-rate channel
the band endpoints (7) step at discrete ages (Lemma B.5), so revision carries point

masses and the full object is the generalized hazard measure

H(da) = h(a) da + ij o,(da), pj=P(r=t;|7>t;), (D.1)

J
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with {¢;} the deterministic band-step dates, and model-retention survival the product

integral

s@=exp(- [ hwde) [[a-p).  AS@)=-p ). (D)

0 ti<a
The marginal hazard splits by channel. Crash channel: the inaccessible upper exits
carry a genuine state-dependent jump rate x(6, z, a; @) = A\* 1{z = u,(a)}—the next
disaster is the exit only when the count already sits on the ceiling—and the absolutely
continuous fibre hazard h(é,a, a) is the average of this rate over the survivor law

Vo(- | 0, q, a) of the record position,
h(0,a,a) = /X(é,x,a;a) vo(dz | 0, o, a) = N va({ua(a)} | 0, a,a), (D.3)

an ordinary integral precisely because x is a rate. Trend channel: the exit is a
predictable boundary hit with no absolutely continuous rate and hence no position-
conditional rate to fibre-average; the marginal hazard, where it exists, is generated by
boundary fluz, the rate at which v, leaks across the moving edge, and y is a proximity
heuristic only, never entering (D.3). The compensator is correspondingly mixed,
absolutely continuous where exits are inaccessible and singular where predictable,
so h is recovered from the test-record-spell law (13) rather than as the survival-
conditional expectation of a pathwise intensity, which in the trend channel does not

exist; (D.1) is well defined as a measure, no closed form for A claimed.

Relation to generalized adjustment hazards. In generalized adjustment-hazard mod-
els, a micro hazard maps an economic state gap into an adjustment probability and,
together with the cross-sectional state density, selects the units that adjust (Caballero
and Engel, 1993, 2007; Alvarez et al., 2022). Generalized hazards can reflect adjust-
ment costs or information frictions; the endogenous belief hazard is instead induced

by statistical survival under the maintained repeated-testing primitive. The frame-
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works share state-dependent selection but differ in the state, the timing object, and

observability: an internal exit can self-re-adopt and leave the report unchanged.

Proof of Proposition 3. Part (i) follows because a report change requires a model
change, whereas a model change requires an internal exit. For part (ii), let o(t) be
the last internal exit. Then
o(t) > o"(t) = o"(t),

and subtracting from ¢ gives a; < d¥ < d®. Equality a; = dM is equivalent to
o(t) = oM (t), which holds exactly when no internal exit after the last model change
re-adopts the incumbent. Equality a; = dF is equivalent to o(t) = of¥(¢), which holds
exactly when no internal exit after the last report change is report-invisible; such an
exit is either a self-re-adoption or a switch between distinct models with the same
report. For part (iii), Proposition E.1 gives an almost surely finite date after which
every re-selection returns 6°, while internal exits recur. Hence Nj"* — oo and N is
eventually constant; since N¥ is a thinning of N it is eventually constant as well.
After their respective last changes, d” and d grow linearly to infinity. At every
subsequent internal exit, however, a, resets to zero, so it does so infinitely often. Part

(iv) is proved in Remark C.2. O

Proof of Corollary 2. (i). From a fresh adoption of 0 at tolerance o the record’s law
is the environment’s, and the acceptance family A,(-) is a deterministic functional of
(A, a): the highest-density regions of the held law (Lemma B.2), in the crash channel
the Sterne staircase of Lemma B.5 with endpoints and step ages deterministic in
(,). The first-exit time (5) of a law-determined record from a (6, o)-determined
family has a law determined by (0, «); its hazard (13) at age a and, in the crash
channel, the atom dates t; and masses p; of (D.1) are therefore functions of (6, o, a).

(ii). Lemma D.1 supplies the two channel comparisons. In the crash channel,

by Lemma E.1 there are arbitrarily large step-free ages at which the survivor law
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v, charges both the ceiling and {x < wu,(a) — 2}; in the trend channel, fix v €
(0, %) and apply Lemma D.1(ii) to the tested statistic under the maintained physical
drift and the held drift—mnot to the correct-model specialization—on a compact age
neighbourhood of a, obtaining the horizon 7, the edge width d,, and the calendar
horizon H = a(e” — 1). The tube argument below, which uses only local equivalence
and Brownian full support and so is unaffected by drift, gives Va((za — Oy, za)) >0
and v, ([—2za/4, 2a/4]) > 0.

The survivor law charges both. For any nonempty open I C (—z,, 2,), the event
that the record stays strictly inside the band through age a and ends in I contains
a uniform tube around a continuous in-band path ending in I; by the Cameron—
Martin—-Girsanov theorem (Karatzas and Shreve, 1991, §3.5) the record’s law on the
window is equivalent to that of its driftless counterpart, under which every such tube
has positive probability. Hence v,(/) > 0; in particular Va((Za — 5n,za)) > 0 and
Vo([—2a/4, 2a/4]) > 0.

Conclusion. Suppose the F;-conditional law of the next exit admitted a (é, a, a)-
measurable version. Fixing (é,a,a), that version is a single number, so for each
window length the conditional exit probability would be v,-a.s. constant across record
positions in the fibre. The two channels contradict this by different separations.

Crash channel. Write ¢ (z) for the conditional probability of exit within (¢,¢ + h]
from record position x. At a step-free age with v,{u,(a)} > 0 and v, {z < u,(a)—2} >
0 (Lemma E.1), one arrival carries the ceiling holder out of band, so gn(us(a)) =
A*h + o(h); from any surviving position x < u,(a) — 2 an upper exit requires at least
three arrivals—even the closest case © = wu,(a) — 2 needs three to cross the fixed
ceiling, and lower positions need weakly more—so {7 € (¢t,t+h]} C {N(¢,t+h] > 3}
and sup,<, @-2qn(z) = O(h*). Here h is taken below the distance to the next
deterministic band step, as in Lemma D.1(i), so no floor motion can reject in the
window. Both probabilities vanish as A | 0—the trend channel’s 1 — ~ against ~

comparison is unavailable here—but their ratio diverges, so for all small h they are
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unequal on two sets of positive v,-mass.

Trend channel. With v, 1, 6, and H as above, Lemma D.1(ii) puts the next-H exit

probability above 1 —~ on the edge layer and below v on the centre neighbourhood,

both of positive v,-mass by the tube argument above. Since v < % the two values are

separated by 1 — 2v > 0.

In either channel a function cannot be v,-a.s. constant while taking distinct values

on two sets of positive mass. No such version exists. O

Lemma D.1 (Short-window exit comparison). Fiz a held model and tolerance, and

let q denote the Fy-conditional probability of a band exit within a window, evaluated

at the current in-band record position.

(1)

(i)

Crash channel. At a non-step age with a step-free right neighbourhood and
uq(a) —lo(a) > 2, for h below the distance to the next step age, the window-ezit
probability from the ceiling uq(a) is \*h + o(h), and from any position at most

uq(a) — 2 it is O(h3) = o(h).

Trend channel, uniform on compact primitive sets. Fix a tolerance o, a compact
age interval I € (ag,00), and compact sets K,, of held drifts, K,~ of physical
drifts, and K, € (0,00) of volatilities. For a spell of current age a € I under
held drift i € K, and physical drift p* € K« write, with s the adoption date
and o the diffusion volatility, Y, = (Xsiqew — Xs — frae®)/(ov/ae*) and Yy = vy,
so that

dY, = <—%Yu + ﬁa,ﬂe“ﬂ) it By, oy U HIVE
g

For every v € (0, %) there 1s > 0 such that for every 0 < n < 7 the single edge
width

. -

— a

oy = (%Za + C[)T], Cp = e'/? sup M < 00,
a€l, pEK,, weK, x, 0€K, o
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works uniformly overa € I, i € K, p* € K,» and 0 € K,: the exit probability
by log-age 1 is below ~ for every ly| < z,/4 and above 1 —y whenever z, — 0, <

ly| < za, that is at either edge.

E Proofs for Section 3.3

Proof of Corollary 5. Write 7, = o0y41 — op and, for M € N, my = E[r° A M].
Truncation levels are restricted to the integers so that the probability-one events
produced below form a countable family. We avoid conditioning on the consolidation
event directly, since the consolidation index need not be a stopping time.

A bounded martingale-difference sequence. Each oy is a stopping time, and éak—
the model held immediately after the k-th revision—is F,, -measurable, so l{éok =6°}
is F,,-measurable. By the restart convention the post-revision spell begins from a
fresh record, so by the strong Markov property the conditional law of 7, given F,,
depends only on 6,, (Proposition E.1); hence E[r, A M | F,.| = mas on {6, = 6°}.
Consequently

dy, := 1{0,, = 0°} (7 A M) — mars]

satisfies E[d), | F,,] = 0 and |dy|] < M + my: a bounded martingale-difference
sequence.

Cesaro convergence of the truncated spells. Fix M € N. The martingale strong
law for bounded differences gives n=' Y, _ di, — 0 on an event Qy of probability
one. On the consolidation event there is an a.s. finite random K with ,, = 6° for all
k > K, so for k > K the summand is (74 A M) — mys; the finitely many terms with
k < K contribute O(1)/n — 0. Hence on Qy,

+n—1
Z (Tk/\M) — Mmyy.

=K

K
1
n

k

Put Q. := (en 20, & countable intersection of probability-one events and hence
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itself of probability one; on 2., the display holds simultaneously for every integer M.

Divergence of the untruncated average. Since 7, > 1, A M, on

1 K+n—1
lim inf — T > My for every M € N
n—oo n
k=K
—the quantifier is now inside a single probability-one event—and E[r°] = oo gives

mys T oo by monotone convergence. Letting M 1 oo makes the left side infinite, so

n! ZK+n L1 = oo adding the finite ox and dividing by n leaves the conclusion
unchanged, so o, /n — oo a.s.

Inversion. Exits recur infinitely often (Proposition E.1), so R(t) — oo and R(t) <

oo for each t. By definition og() < ¢, whence

Rl RO
L Ogrp

as t — 00, because 0,/n — oo along n = R(t) — oo. Therefore R(t)/t — 0 a.s. on

the consolidation event. O

Proof of Corollary 4. Take 1)(v) =1 —v? on (=1,1). Then ¢/ = —2v and ¢" = -2,
SO

1 .1 1 /I 2 _
" — o = 140" = =4,

ie. L1 = —1, and ¢ > 0 on (—1,1) with ¢(£1) = 0. For a regular Sturm—Liouville
operator the eigenfunction of constant sign is, up to scaling, the principal one and
no other eigenfunction is of one sign; hence the principal decay rate on (—1,1) is
¥ =1, so ¥(a) = 1 exactly at z, = 1, that is at a. = 2(1 — ®(1)) ~ 0.317.
Principal Dirichlet decay rates decrease under domain enlargement—the variational
characterisation minimises over a larger test class—and 2z, decreases in «, so the
interval (—za, 24) shrinks as « grows and J(«) is increasing ina: zo > 1iff 9(a) < 1.
Finally E[7] = [[*P(7 > t)dt, and by (15) P(t > t) ~ Ct~"(®), which is integrable at
infinity iff 19(04) > 1; at a the tail is ~ C'/t, whose integral diverges, so the boundary
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case also has infinite mean. Since 0.20,0.10,0.05 < «., each gives z, > 1 and hence

infinite mean. O

This appendix proves the results of Section 3.3. Throughout, the held model is 0 (a
drift /i or a rate \), the truth is P* (drift u* or rate A*), and the band is (6)—(7). We
first record the structure of the crash-channel band, used in Proposition E.1(b).

Band motion. The one-sided conclusion is Lemma B.6; here we record the mass
accounting behind it. Changes are confined to a locally finite set of ages and are
of two kinds. Between changes the Sterne order is fixed and 0,, Py, ([l,u]) = pm(l —
1) — pm(u) < 0 by the initial-segment property, so the region’s mass decays; at
the downward crossings of 1 — a—the exact-attainment ages—the region adjoins the
next-ranked adjacent atom at either margin: the ceiling extends, or the floor falls,
whichever outside atom the order ranks next (the working-paper version tabulates
the floor reversals; the corridor arguments below rely on modal entrance, plateau
constancy, and nestedness rather than on any claim that band changes are upward
over a particular range, and positive entrance to any finite age is Lemma C.4). At a
boundary-straddling rank flip—each pair’s order flips once, upward, at m*(ny, ng) =
(ng!/ny )1/ (27" by strict MLR—the region takes the one-integer upward shift (B.13):
an outside atom cannot outrank an inside one, so the only straddling pair is the floor
against the atom above the ceiling, whose flip is upward. The ceiling is therefore
nondecreasing in age—attainments only add, and every region-changing flip is the
up-shift—while the floor is not monotone: it rises at up-shifts, falls at floor-side
attainments, and a falling floor is a band expansion, at which no surviving count

exits; the predictable lower-exit atoms sit at the upward floor steps alone.

Lemma E.1 (Crash-channel survivor support). Let o < 1 —e™! and write M(a) :=
L/A\aj for the held-model modal count. At every age a in the interior of a step-free

plateau of the type-a. band,

IP”\*(Na:ua(a), 7‘>a) >0, IP’)‘*(Na:M(a), 7'>a) > 0.
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Moreover uy(a) — M(a) > 2 at every sufficiently large such age.

Proof. By Lemma B.5, uq(a) = Aa + 2oV Aa + o(y/a) while M(a) = Aa + O(1), so
uq(a) — M(a) — oo, so the gap condition holds for all large a. Both statements are
proved at an arbitrary interior plateau age, not merely at selected ages. A surviving
path ending at M(a) is Lemma C.4, whose construction works at every finite age.
For a surviving path ending at u,(a), interiority supplies € > 0 with every endpoint
constant on [a — €,a]. By Lemma C.4 a positive-probability event carries the record
to age a — ¢ at the count m = |\ a — ¢)| without an exit, and m is admitted
there, hence [, (a) < m < u,(a) since the band is constant on the plateau. Prescribe
exactly u,(a) — m arrivals in (a — €,a] and none elsewhere there: the band does
not move on that interval and every integer between m and wu,(a) lies in it, so the
path stays in band and ends at u,(a). Each construction prescribes finitely many

Poisson increments on a compact interval and no others, an event of strictly positive

probability. ]

E.1 Non-explosion of revisions

Lemma E.2 (Non-explosion of revisions). Run the per-test rule of Definition 1 in
either canonical channel at a fixed tolerance, restarting the record at each adoption.
The revision times satisfy o T oo P*-almost surely—the regimes do not accumulate at
a finite time. The argument uses only a per-channel lower-tail floor on internal spell
lengths—deterministic (1, > ag) in the trend channel, a positive lower-tail probability
in the crash channel (Lemma B.4)—and the finiteness of the menu; it invokes neither

consolidation nor the finiteness of any individual 1.

Proof. Each oy, is a stopping time, and the fundamental has independent increments
(Brownian-with-drift in the trend channel, Poisson in the crash channel), so it is
strong Markov at o,; with the record restarted at adoption—the restart-after-alarm

convention of sequential surveillance (Page, 1954), without which an inherited record
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can reject a fresh adoption with no new data—the conditional law of 7, = g1 — 0%
given F,, depends only on the post-revision held model égk, which ranges over the
finite menu ©; the data are time-homogeneous, so this conditional law is one of finitely
many fresh-start laws. Each carries a lower-tail floor (Lemma B.4): 7, > ag surely
in the trend channel, and P(r; > § | F,,) > e "% in the crash channel for suitably
small 6. The crash floor needs the window to end before any deterministic upward
floor step, since no-disaster survival keeps the count at zero and that is excluded once
a floor reaches one. Take A\« := maxycg A\g, finite because the menu is finite, and
choose 0 < dg < 1/Anax. For every held rate and every a < ¢y the held Poisson mean
Aga is below one, so zero is a mode of the held law and therefore belongs to every
probability-ordered retention region: no floor can have reached one by dy. On the
event of no physical disaster during [0, dy] the count remains zero and neither an upper
nor a lower exit occurs, and the bound e=*"% holds uniformly over the menu. Hence
there are § > 0 and ¢ € (0, 1] such that P(oy11 — 0p > 6 | F,,) > ¢ on {0}, < oo} for
every k.

Because the lemma must not presume that revisions occur, write the long-spell
event without any difference of extended times,

Ay ={ox <00, o)1 2 0p +0},  Gpi=F,

Ok+41

with G 1 := F,,. Then Ay € G and, on {0} < oo},
E[1a, | Gea] =Ploxn >0 +6 | o) > ¢

Split on whether the revision sequence is exhausted. If o, = oo for some k, the
nondecreasing extended sequence has already reached infinity and ( = oco. On the
complementary event E := {0}, < oo for every k} the conditional lower bound E[14, |
Gr—1] > q holds at every index, so >, E[14, | Gr—1] = oo and Lévy’s conditional
Borel-Cantelli lemma (Williams, 1991, §12.15) gives A for infinitely many k& on
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E. Hence o, > 8> ,_, 14, — 00, and ( = oo almost surely on both branches.
The argument invokes only the floor and the finite menu—mnot the finiteness of any
individual 7, nor consolidation—so it is available wherever non-explosion is needed

below, with no circularity. O]

E.2 Consolidation

Proposition E.1 (Model identity consolidates; record renewal does not). Run the
rule of Definition 1 under Assumption 3 at a fized tolerance a € (0,1) in either canon-
ical channel—the disputed-trend record (a Brownian running mean) or the disputed-
crash record (a Poisson count)—and suppose the menu has a unique closest model
in relative-entropy rate, 6° = argming r(0) with £(0) = limy_o t ' KL(P}||PY)—
the finite comparison object here, the unnormalized full-path divergence being zero
at a correctly specified candidate and infinite for the distinct drift or intensity laws
compared—with po(6°) > 0.

(a) Location. Under the chained update (Lemma B.3) there is an a.s. finite calendar

time T° such that oy, > T° = arg maxy p,, (6) = 0° almost surely.

(b) Activity. For any held model the internal spell length T of (5) is P*-almost surely
finite. Consequently the agent passes through infinitely many finite regimes, P*-
almost surely: before T° the model re-selected at an exit may differ from the one
abandoned, so these regimes need not share a held model. From T° onward every
regime begins with 0° by part (a), so each subsequent exit is a self-re-adoption
of the same model, which is nevertheless abandoned again after another almost

surely finite spell.

Proof of Proposition E.1, part (a). Work within supp(py): a model with po(0) = 0
keeps p;(#) = 0 under the multiplicative update and never leads, and 6° € supp(po)
since po(0°) > 0. By the chaining identity (Lemma B.3), the re-ranking at any

revision equals re-ranking on the entire history to that date; in pairwise-ratio form,
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for 6,0° € supp(pg) the ranking ratio carried at a revision time t is

pl0) . mlf)
o8 0% B o (6°)

0/6° o0 AP’
+log A}'" | AT o= B |, (E.1)
the full-history likelihood ratio, the normalizing constant having cancelled. Between
revisions p is frozen (Definition 1); the object that evolves continuously is the latent
ratio Af/ 90, and the law of large numbers below is a statement about it. Under
each menu law the record has stationary independent increments (Brownian motion
with drift, or a Poisson process), so the log-likelihood-ratio process t — log Af/ 4
is, under P*, an additive functional with stationary independent increments. Write
K(0) = limy_, 1 KL(P;||PY) for the per-unit-time relative entropy rate. This rate is
defined from finite-horizon divergences. When the candidate parameter differs from
the physical parameter, the corresponding infinite-horizon path laws are mutually
singular and their full-path divergence is not finite; when the candidate law equals the
physical law, the two path laws coincide and x(f) = 0. The one-unit log-likelihood-
ratio increment has finite first moment under P* in both channels—it is Gaussian on

the trend record and an affine function of a Poisson count on the crash record, by

(B.3)—(B.4)—so the rates x(0), x(6°) are finite. Then the drift per unit time is
Efdlog Ay ] = (k(6°) — K(6)) dt. (E.2)

By the strong law of large numbers for processes with stationary independent incre-
ments with integrable unit increment (Sato, 1999, Thm. 36.5)—applied directly to

calendar time rather than to a fixed grid—
1 0/6° a.s. o
n logA;”"  —— k(0°) — k(0) (t — o0). (E.3)

By the uniqueness of 6° as the Kullback—Leibler minimizer (in rate), x(6) > x(6°) for

0 # 6°, so the limit (E.3) is strictly negative; this is the continuous-time form of the
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concentration of the misspecified posterior on the KL projection (Berk, 1966). Hence
log Af/go — —oo a.s. for every € # 6° in the (finite) support. This is a statement about
the latent ratio in continuous calendar time, and it invokes no revisions. For each
0 + 0° there is therefore an a.s. finite time after which log(po(6)/po(6°))+log A”%" < 0;

taking the maximum over the finite support, there is an a.s. finite calendar time 7°

such that, for every ¢t > T° and every 6 # 6°,

po(0) 6/6°
lo +log A < 0. E.4
g po(eo) g ¢ ( )

This is an inequality for the latent full-history odds; the carried ranking p is
frozen between revisions, and equals the latent odds exactly at every revision time
(Lemma B.3), so (E.4) is transferred to p at the revision times and only there. Hence
at any revision occurring at a time o), > T°, argmaxy py, (#) = 6° a.s.—the lemma’s
conditional implication, which asserts nothing about whether such a revision occurs
(that is supplied by part (b); non-explosion, Lemma E.2, uses only the internal-spell
floor of Lemma B.4 and the finite menu, not part (a)). When the truth is on the
menu, 6° is the truth, the unique zero of KL(P*||-). Positive prior mass on the
consolidation target is necessary—po(6°) > 0, not full support: if py(6°) = 0 then
p(0°) = 0 for all ¢ by the multiplicative update, and 6° is never selected; absent the
truth from the support, consolidation is to the KL-closest model within supp(pg). O

E.3 Recurrence

Proof of Proposition E.1, part (b). Trend channel, correct held model (i = p*). By
(B.12) the band is the event {|W,|/v/a < z.}, i.e. Brownian motion against the
square-root boundary z,+/a, the first-exit problem of Breiman (1967). Put 7" = loga
and

Vii=e7PW,u, sothat Ry = —= = Viga- (E.5)

Wa
Ja

101



The time-changed process M, := W, has quadratic variation d(M),. = d(e”) =
e” dr', so dM,, = e”/? dB,. for a standard Brownian motion B. By Itd’s product rule

applied to (E.5),
AV = —3e M dr + e 2 dM, = — 1V, dr’ + dB,, (E.6)

so V is an Ornstein—Uhlenbeck process with mean-reversion ; and unit diffusion,

1
2
whose invariant law is A'(0,1/(2 - 1)) = N(0,1). The exit set E = {|v| > z,} has
invariant measure

/{ | }gp(v) dv =2P(—z2,) = a >0, (E.7)

¢ the standard normal density and the last equality by z, = ®~}(1 — a/2). The OU
process is a positive-recurrent (ergodic) diffusion (Meyn and Tweedie, 2009), so by

the ergodic theorem

I s
f/ {|Vs] > zo}ds —— a >0, (E.8)
0

hence {7" : |V1| > z,} is unbounded a.s.; by continuity of V' the first entry H :=
inf{7" > logag : |V/| > z,} is finite a.s., and therefore the internal spell length
T=cll <ooas.

Crash channel, correct held model (5\ = A*). The centered count M, := N, — \*a
has, at integer ages, increments & := (N; — N;_1) — A\* that are i.i.d., mean zero,
variance A\*. By the Hartman—Wintner law of the iterated logarithm (Hartman
and Wintner, 1941) applied to the integer-age walk M,,, and interpolated over unit
intervals—within which the increment is at most the unit-interval count, whose max-

imum to age a grows as O(loga) a.s. by Borel-Cantelli against the Poisson tail, and

loga = o(y/aloglog a)—one has

. N, — X\*a
lim sup

a—soo V2 *a logloga -

N, — \*
1,  liminf ¢ -1 as (E.9)
a—oco  4/2X*a logloga
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By Lemma B.5 the band half-width about the held mean is of order z, vV \*a = O(\/a),

and since

V2Xalogloga  +/2logloga
ZaV A*a Za

N, — XM*a exceeds the ceiling deviation +z,v A *a for a sequence of ages tending to

— 00 (a— 00), (E.10)

infinity a.s. by (E.9); the first such age is finite, so 7 < 0o a.s.

Incorrect held model (held rate # truth). The two paragraphs above dispose of
a correct held model in either channel. An incorrect held model exits as well: its
standardized statistic carries a divergent drift. In the crash channel, holding a rate
A £ M, N, — da = (\* — A)a + M,; by the law of large numbers N,/a — \* a.s., so
M, = o(a) a.s., and with the band half-width 2oV Aa = O(y/a) = o(a) (Lemma B.5)

the signed distance from the count to the relevant edge is

~

No = (o= 2V 3a) = (V" = Na+ M, F 2V Aa = (\" = Na+ ofa) =% %00

according as A S A*, so the count crosses the ceiling (if A < A*) or the floor (if
A > \*) at a finite age a.s. In the trend channel, holding i # p*, Re = a (u* —
i) /o +W,/v/a with [W,|/v/a < v/2logloga (1+0(1)) = o(y/a) a.s. by the law of the
iterated logarithm, so R, = v/a (u* — 1)/o (1 + o(1)) — £oo and crosses the fixed
band +z, at a finite age a.s.

So every held model exits a.s.: a correct rate by the Ornstein—-Uhlenbeck /law-of-
the-iterated-logarithm recurrence above, an incorrect rate by this divergent drift—
and this is established without reference to which model is in force at any particular
revision, so it invokes neither consolidation nor the existence of later revisions.

Iteration and non-explosion. Each revision time oy is a stopping time, and the
fundamental’s independent increments make it strong Markov at oj; with the record
restarted at adoption (by the restart convention) the regime adopted at o} monitors a
fresh record, and the conditional law of the internal spell length 7, = 031 — 0 given

F&, depends only on the post-revision held model 9gk. Every regime exits a.s. in finite
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time—a correct held model by the Ornstein—Uhlenbeck /law-of-the-iterated-logarithm
arguments above, an incorrect one by the divergent-drift argument above—so each
Tr < 00 a.s., and by induction o, < oo for every finite k. Each 7 is also strictly
positive (Lemma B.4): the trend channel carries a first-look age ag > 0, so 7, > ao;
in the crash channel the fresh spell begins at count zero, and before the minimum
of the first disaster time and the first deterministic floor-step age the count stays
there while the band still contains zero, so 7, is bounded below by that minimum,
which is strictly positive almost surely—though the disaster time supplies no uniform
deterministic lower bound.

By Lemma E.2—whose lower-tail floor (Lemma B.4) and finite menu are exactly
the strict positivity and restart structure just established—the revision times do not
accumulate: o, T 0o a.s. With each 7, < co a.s. this gives infinitely many a.s.-finite
regimes, so the model is abandoned infinitely often, yielding (a) and (b) directly,
without conditioning on the future. Part (a) then composes: it supplies an a.s. finite
time T° after which every revision re-selects 6°, and since o 1 oo there is a finite K
with o > T°, so every regime adopted from og on begins with #° and is abandoned
and re-adopted again—the test record of the eventually held model—correct when
the truth is on the menu, the closest candidate otherwise—reset forever, its reported
identity fixed. This proves the activity claim of part (b) and, in combination with

part (a), the post-consolidation statement. ]

Both halves are established facts held together by the rule. Part (a), by the strong
law for the log-likelihood ratio, is silent on whether or when a revision occurs; it
places the held-model location where the misspecified-learning literature places the
limit of belief, at the Kullback—Leibler projection of the truth (Berk, 1966; Esponda
and Pouzo, 2016; Fudenberg et al., 2021). With the truth on the menu the ranking
merges with it under the grain-of-truth condition (Kalai and Lehrer, 1993; Blackwell
and Dubins, 1962), so positive weight on the closest model suffices. Any residual gap

under a misspecified menu is the menu’s, not a dynamic error of the testing; writing
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O for the set of supported models attaining the minimal relative-entropy rate, every
supported model outside O™ is eventually eliminated; when O™ is a singleton the
held model consolidates on it, and when several supported models tie the argument
confines eventual selection to OF™ without characterizing selection within it.

Why a correct model is abandoned. A correct model is right on average yet
locally surprising: tested at a fixed size and monitored without limit, its own ordinary
fluctuations eventually carry the record out of band. This is “sampling to a foregone
conclusion” (Anscombe, 1954; Robbins, 1970), which safe, anytime-valid inference is
built to avoid (Ramdas et al., 2023; Grunwald et al., 2024); the alternatives listed
under Assumption 3 avoid it by changing the stopping rule, and the recurrence here
is a defining implication of the maintained repeated-significance implementation. It
rests on the fluctuation law of each record rather than on Markov closure alone; we
do not assert recurrence for an arbitrary time-homogeneous data-generating process.
So the eventually held model’s test record—correct-on-average when the truth is on
the menu, the Kullback—Leibler-closest candidate otherwise—is terminated and reset
forever, correctness buying no permanence against its own fluctuations—though past
consolidation the reset re-adopts the same model, so it is the record and age that
renew, not the reported belief—and a holder keeps resetting, agreeing on the model
with others while—on staggered configurations—differing in how close each stands to
abandoning it. We claim almost-sure finiteness and infinite recurrence, not a finite

expected internal spell length, which in the trend channel can fail (§3.4).

E.4 The test-record-spell law

E.5 A stochastic-process toolkit

These lemmas isolate the boundary-crossing steps the tail and re-selection results
rest on. Two discrete errors of the counting channel are named where they enter: the

o(y/a) gap between integer Sterne endpoints and continuous square-root boundaries,
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and the one-count overshoot at an upper exit.

Lemma E.3 (Envelope asymptotics). (i) Let ¢ # 0 and g(k) = evV/k+<(k) on N with
e(k) = o(\/k). Then, as k — oo,

¢>0: maxg(j) =cVk+o(Vk),  ming(j) = vk +o(Vk);

J<k Jz
c<0: m<1’1€19(j) = vk +o(Vk), miig(g(j) = vk + o(Vk);
i< >
the two extrema over the future being over a finite index set, hence attained, for all
large k. Only these four sign-matched combinations hold: the opposite pairings are
false, as g(k) = Vk with inf;<;, g(§) bounded and sup;s; 9(J) = oo shows.
(il) Let A > 0 and let f(x) = Mz + c/z + e(x) on [0,00) be bounded on com-
pact intervals, with e(x) = o(\/x)—in the application f is a right-continuous integer

staircase with locally finitely many jumps. Then

sup f(y) = Az +eve+o(ve),  inf f(y) = re +eva +o(Va),

y<z
and when f 1s a locally finite integer-valued staircase the future infimum is attained.

Proof. Part (i). Fix § € (0,|c|]) and A with |e(j)] < §v/7 for j > A; put Cy =
max;j 4 £(5)], so maxj<y, |£(j)| < max{Ca, vk} < 26vVk for k large. Past extrema,
¢ > 0. Since j < k gives cv/j < eVE, 9(j) < evk+max;< |€(i)], while max;<j, g(j) >
g(k) = vk + €(k); both bounds are ¢vk + O(6v'k), and § was arbitrary. The case
¢ < 0 with minj<, is symmetric, using —|c|]v/j > —|c|v/k for j < k.

Future extrema, ¢ < 0, the supremum. For j >k > A, g(j) < —|c[\/7 +0VF =
—(|e| = 8)v/F, decreasing in j, while g(k) > —(|¢| + 6)VE. Hence every index with
9(j) > g(k) satisties (|c| — 6)v/7 < (|| + 0)Vk, that is j < xk with & = ((|c| +

8/ (|e| — 5))2; the supremum over j > k is therefore the maximum over the finite set
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{k,...,[rk]}, hence attained. On that set,

IN

~lelV/j + 8V by [e(j)] < 6v/j for j > A,
< —le|VE+6y/5 since j > k gives — |c|\/j < —|e|VE,
< —|c]\/E+5\/E\/E since j < kk gives \/; < rVk.

9(j)

With max;> g(j) > g(k) > —|c[vVk — 6vEk and §y/k — 0 as § | 0, the maximum is
cV'k + o(Vk). The case ¢ > 0 with min;>; is symmetric. Each of the four uses the
matching sign; the counterexample in the statement rules out the others.

Part (ii). Fix § > 0 and A with |e(y)| < é,/y for y > A, and put K := (2|c| +
26 + 1)/\. Take the supremum. For A < y < x — K+/z the linear loss dominates:
fly) < A= AK x4+ (|c|+ )z < Ax+cy/r—dy/x < f(x), since AK > 2|c|+26 and
¢ > —|c|. So the supremum over [A, z] is the supremum over the window = — K+/z <
y < z, on which z — \/y = (z — y)/(vV* + /y) < K, whence ¢/y = cy/z + O(1)
and |e(y)| < 0\/y < 0/x; with Ay < Az this gives f(y) < Az + ¢y/z + O(1) + 0/
Ages below A contribute a constant. Since sup,., f(y) > f(z) = Az + cy/z + ()
and ¢ was arbitrary, the supremum is Az + ¢y/x + o(y/z). For the infimum over
y > x the linear term now grows. If y > 2z then f(y) — f(x) > My — ) — (|¢| +
0) (VY ++vx) > Ny/2—=2(|c[+0)/y > 0 for x large, so the infimum is over [z, 2z]; and
there f(y) — f(z) > My — ) — 2(|c| + §)v/2x, which is positive once y — x > K'\/x
with K’ := 2v/2(|c| + §)/\. So the infimum is over * < y < x + K'\/r, where
VI — VT < K'J2 gives ¢/y = ¢y/x + O(1) and |e(y)| < 0,/y < dy/x + O(1), while
Ay > Az; with inf,~, f(y) < f(z) the two bounds again meet at Az + cy/x + o(1/7).
When f is a locally finite integer-valued staircase it takes finitely many values on that

window, so the infimum is attained. O

Lemma E.4 (Tail transfer for square-root staircases). Let N be a Poisson process of

rate A > 0 and let | < u satisfy:

(S1) 1, u are integer-valued, nondecreasing and right-continuous, with locally finitely
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many jumps;
(S2) I(a) = Aa — zvAa + o(y/a) and u(a) = Aa + 2vXa + o(y/a) for some z > 0;

(S3) the monitoring onset is ag = 0, so that survival to real age n constrains every
integer age—the crash-channel application, whose initial band is the singleton
{0}, satisfies this; with ag > 0 the finite unmonitored prefix must be removed

before the skeleton inclusion is applied;

(S4) the original problem has positive entrance: P(T > A) > 0 for every finite A,
where T' = inf{a > ag : N, ¢ [l(a),u(a)]};

Then, with ¥ := X\o(—z,z) > 0 the principal Dirichlet decay rate of %(&w —v0,) on

(—z,z)—the smallest eigenvalue of the negative of that operator—
P(T >t) < ¢, (E.11)

Only the asymptotic standardized endpoints Fz enter. The proof also constructs the
imner comparison boundaries used for the matching lower bound, which requires a

finite restart and is carried out for the crash channel in §E.6.

Proof. Center at the unit skeleton: Sy, := (Ny — MAk)/VA, k € N, is a random walk
with i.i.d. mean-zero, unit-variance increments, and by (S2) the centered retention
region at integer age k is an interval with endpoints g1 (k) = F2vk + o(VE).

Step 1 (skeleton bracketing). With N nondecreasing and [, u nondecreasing by

(S1), survival to real age n implies the integer-age constraints:
{T'>n} C {Nye[l(k), u(k)] for k=1,...,n}. (E.12)

This single inclusion is all the lemma uses. We do not assert a converse skeleton
event here: an inner bracket of the form N, € [[(k+1),u(k—1)] for k = 1,...,n
controls the real ages (1,n]—on (k,k+1] one has Ny < Niiy < u(k) < u(s) and
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I(s) <Il(k+1) < Ny < Ny—Dbut it imposes no constraint on (0, 1], where with ag = 0
an upward floor step before age one can cause an exit the integer constraints do not
see. The matching lower bound is therefore proved not here but in §E.6, directly
after an explicit finite restart, where the first post-restart interval is covered by the
K-shifted conditions stated there. A finite-age modification and the restriction to
integer ¢ shift constants only, survival being monotone in t.

Step 2 (monotone envelopes and their asymptotics). The centered bracketing
boundaries carry the staircase-against-drift oscillation and need not be monotone.
Write g9(k) = (I(k) — Mk)/V/A, g3(k) = (u(k) — M\k)/v/X for the outer boundaries of
(E.12) and, for use only after the finite restart of §E.6, ¢i(k) = (I(k+1) — Mk)/V/A,
gi(k) = (u(k—1) — Ak)/v/X for the inner ones, and envelope each pair separately:

FP(k) = inf g7(j),  F3(k) = maxgg(j),  Fi(k) =supgi(j). Fa(k) = inf g5(j).

j<k >k

The outer pair widens the region, so the outer skeleton event is contained in its
envelope event; the inner pair tightens it, so the inner envelope event is contained
in the inner skeleton event, the future extrema being attained because the leading
terms diverge. All four keep the asymptote Fzv/k: the one-index shifts and the +v/\
constants relating inner to outer boundaries are o(v/k) by (S2), and the four envelopes
take the sign-matched extrema of Lemma E.3—past maximum and future infimum for
the +z boundaries, past infimum and future supremum for the —z boundaries—which
preserve £2v/k40(v/'k), the future extrema being attained at a finite index. In centred
coordinates the integer-age constraints of (E.12) read exactly ¢9(k) < Sp < g¢5(k),
since [(k) < Ny < u(k) iff (I(k) — M) /VA < S < (u(k) — Mk)/VA. Because F? < ¢?

and g5 < Fy pointwise, we obtain the chain
{T>n} € {gi(k) < S < g5(k), k<n} C {FP(k) < S < FF(K), k <n}.
The inner boundaries are constructed here only to supply the comparison boundaries
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for the restarted lower argument of §E.6, and no inclusion of {T" > n} in an inner
event is asserted.

Step 3 (scope). The bound (E.11) needs only the outer envelope, whose entrance is
(S4). The inner envelope is not claimed to have entrance at its original initialization,
which may be unsustainable from date zero; it is constructed here only to supply the
boundaries for the restarted comparison of §E.6, where the restart event is exhibited
explicitly.

Step 4 (the outer comparison). Let T°™ denote the exit time of the centred
skeleton walk Sy from the outer envelope (FY, Fy). To impose the sign condition
in Greenwood and Perkins (1983) without changing that object silently, define the

outward-clipped boundaries

F? (k) :== min{F}(k),0}, FY (k) := max{Fy(k),0},

and let TP be the corresponding exit time. Clipping moves only finitely many early
boundary values, preserves the nonincreasing/nondecreasing monotonicity, and leaves

F(k)/VE — ¢; with (¢, ¢5) = (—2,2). Because the clipping is outward,
{T >n} C{T" > n} C{T" > n}.

The pair (S, F?, FY) satisfies case (H,) of Greenwood and Perkins (1983): the
increments of S are i.i.d. with mean zero and unit variance, E[X?log"|X]|] < oo
because a centred Poisson variable has all moments, the lower boundary is nonposi-
tive and nonincreasing, the upper boundary nonnegative and nondecreasing, and the

standardized limits are finite. Their Theorem 5(b) therefore gives
P(TP > n) = p~roleres)q(p),

with 7 slowly varying, and their Proposition 2 identifies —Ag(c1, ¢2) as the largest
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eigenvalue of 1(0,, — x8,) on (c1,¢p) with Dirichlet conditions at finite endpoints;
see Novikov (1982) for one-sided nonlinear boundaries by martingale methods and
Denisov et al. (2025) for the surrounding literature. The displayed inclusion now
yields

P(T > n) < P(TUP > n) = n~ 22 r(p),

which is (E.11). No corresponding claim is made for the inner problem, whose en-
trance is not assumed here. The one-count overshoot at an upper exit affects the exit
position, not the survival event, and does not enter. Case (H,) consumes only the

asymptotic standardized endpoints, which proves the final claim. O

E.6 Test-record-spell tails

Proof of Theorem 2. By (E.5), holding the correct trend model, T = eff with H =
inf{7" > logag : |Vy| > 2.} the first exit of the Ornstein-Uhlenbeck process V'
from (—z4,24). Monitoring begins at 7/ = logag, so the killed-process duration is
D := H — logag, with vy the law of V' at the onset logag restricted to the interior
(—Zas 2a). Under the correct model Vipgq, is standard normal, so the onset places
mass a = P(|V] > z,) already outside the band—those paths exit at once, D = 0—
and only the interior sub-probability mass of total 1 — « feeds the positive-survival
expansion below (equivalently, the Dirichlet eigenfunctions, extended by zero outside
the band, integrate against vy over the interior alone); the atom at D = 0 does not
affect the s — oo tail. The generator £ = %&w — %v Op On (=24, 2o) with Dirichlet
boundary conditions is self-adjoint with respect to the Gaussian speed (invariant)
measure m(dv) o e /2 dv, not Lebesgue measure—a regular Sturm-Liouville oper-
ator. Writing L, = —0;(a)y, the positive decay rates 0 < 61 (a) < () < --- are
the eigenvalues of —L, with positive principal eigenfunction 11, the eigenfunctions

{1} orthonormal in L?(m). The survival of the killed process admits the eigenvalue

111



(spectral) expansion for diffusion hitting times (Kent, 1980; Alili et al., 2005)

P(D > s) = ch 6_9’“(“)5, 1 = (/ (N dm)(/ o dl/0> > 0, (E.13)

k>1

the duration measured from the onset, so P(D > 5) ~ c;e~%(*)% as s — 0o. Therefore,

using H =logag + D,

P(r > t) =P(e" >t) =P(D > log(t/ag)) ~ &1 e 01(@)log(t/ao) _ (clagl(a)) =0,
(E.14)
which is (15) with ¥(a) = 6;(«) and constant C' = clagl(a) depending on the onset ag

but not the exponent. The mean is
Elr] = a E[e”] = aq [1 +/ e P(D > s)ds| < 0o <= 6i(a) > 1, (E.15)
0

the integral converging at s — oo exactly when the decay rate 0;(«) in (E.13) exceeds
1.

In the crash channel, holding the correct model the count has rate A*, and by
Lemma B.5 the Sterne endpoints obey Aa F zov/Ma + o(y/a); the floor, however,
is not monotone (Band motion, after Lemma B.5), so the two bounds are taken
separately, each through a monotone envelope of the band. Set

low (@) == iggl(s), Uout (@) := max u(s),

lin(a) := max I(s), uin(a) = sérgfl u(s),

each a nondecreasing integer staircase. The one-unit shifts in the inner pair are what
make the integer-age conditions transfer to the intervening real ages when the raw
floor is not monotone; they displace the endpoints by O(1) = o(y/a) and so leave the
asymptotics of Lemma E.3(ii) unchanged. With these definitions [li,, uin] C [I,u] C

[lout, Uout] pointwise and hence 73, < 7 < 74y. These are extrema of the raw endpoints,
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which carry the linear term A\*a, so their asymptotics come from Lemma E.3(ii) rather
than from its square-root part: each endpoint has the form Ma £ z,vV/ \*a + o(\/a),
and part (ii) gives lou, lin = \a — zoV N\ a + o(v/a) and Uy, uin = N a + ZaV A\ a +
o(y/a), with the future infima attained because the endpoints are locally finite integer
staircases. The inner band is nonempty from a finite age, earlier ages falling under
the finite-age convention.

Upper bound. The outer envelope [lout, Uout] satisfies (S1) and (S2) with (A, z) =
(A*, z4), and it contains the Sterne band, so Lemma C.4 gives (S4). Condition (S3)
holds because the crash channel carries no first-look age: monitoring begins at adop-
tion with initial band the singleton {0}, so ag = 0 and survival to real age n constrains
every integer age. Lemma E.4 therefore applies—its hypotheses (S3)—(S4) all hold—
and gives PN (7o > t) < 7@+ whence PN (7 > t) < ¢70(@)+el),

Lower bound. Here we do not invoke Lemma E.4 but apply Greenwood and Perkins
(1983) directly to a restarted walk, which supplies the entrance the lemma would

have had to assume. Let K be a large integer and, the held model being correct here

so that A = A\*, set ng := [M\K| and

— VK
Erx = {’7'>K, NK:TLK}, (37e I:nKT S [-1/&, 0:|,

so that PV (Ex) > 0 by Lemma C.4. Conditionally on Ex the shifted skeleton
S’k = (NK+k — Ng — )\*k) / \/F, k € N, is a centred unit-variance random walk
started at S; = 0 and independent of Fy, and the centred count at the integer
age K + k is S, + ex. Let Gy(k) = (ln(K+Ek+1) — M(K+k))/V2 — ex and
Go(k) = (uin(K+k—1) — N*(K+k))/VA* — ex be the shifted raw boundaries of
the inner envelope family, and define their monotone envelopes explicitly,

Gi(k) :==supG1(j),  Ga(k) := inf Ga(j),

>k >k
GG1 nonincreasing and G nondecreasing by construction, the future extrema attained
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because the leading terms diverge, and [él, ég] C [Gy, Gs] pointwise. Both keep the
raw asymptotics, é](k) / Vk — Fz,, since ek is bounded and the one-index shifts are
o(Vk), and G1(0) < 0 < G,(0) for K large. Case (H,) of Greenwood and Perkins
(1983) therefore applies to (S, Gy, G) directly—increments i.i.d. mean-zero and unit-
variance with E[X?log*|X|] < oo, boundaries of the required sign and monotonicity,
finite limits Fz,—and its exit time T satisfies IP’(T > n) = p Y@+t On Fy,
staying between G, and G- at the integer ages after K imposes, for every j in range,

the shifted constraints
Ngij > lin(K+j+1), Nitj < uipn(K+j-1),
which by monotonicity of the envelopes imply the weaker unshifted pair
lin(K+j) < Ngij < uin(K+)) (0<j<n).

Endpoint asymptotics give [j,(K+1) < ng < wup,(K—1) for all large K, so the
restarted state itself satisfies the stronger corridor at j = 0. The real-age trans-
fer is made from the unshifted pair, not from the raw endpoints: the raw Sterne
floor [ is mot monotone, so l(s) < I(K+j+1) may fail and cannot be used. The
inner envelopes carry the one-unit shifts of their definition, li,(a) = maxs<ai1(s)
and wuiy(a) = infes,— 1 u(s), and it is exactly those shifts that the transfer uses. For
s € (K+j, K+j+1], monotonicity of N gives Ng; < Ny < Ng 11, and then
Ny < Ngiji1 < upn(K+j+1) = rzi%fﬂu(r) < u(s),

> ;> ) = >
Ns > Ngij > lin(K+7) rgrlr(liﬁll(r) > 1(s),

the first because s > K+j and the second because s < K+j+1—no monotonicity of [
is used, so no crossing of [[, u] occurs at any intervening real age, the first post-restart

interval (K, K+1] included, its left endpoint being covered by the j = 0 condition
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supplied by Ex. No appeal is made to a date-zero inner bracket. Explicitly,

Exn{Gi(j) <85 < Ga(j), 0<j<n} C {r>K+n},

SO

PV (r > K +n) > PV (Egk) pY@)+o(1),

the finite prefix entering only through the positive constant P (Ex).
The two bounds squeeze to (16), the index the same principal Dirichlet eigenvalue as
the trend channel’s, the operator being the same. The finite-mean threshold follows
from the brackets: E[r] < oo when J(a) > 1 (the upper bracket integrable) and
E[r] = oo when ¥(a) < 1 (the lower bracket not). The jump structure and the
predictable-floor /inaccessible-ceiling split of the exit (Lemma B.5) enter the exact
finite-age law but wash out of the index.

For an incorrect held model the statistic carries a drift (working-paper version),
so this heavy tail is a property of holding the correct model.

(1) follows by integrating the tails: for J(«) > 1 both channels give a finite mean;
for () < 1 the crash lower bound ¢t~"(®=¢ any ¢ < 1 — ¥(a), already diverges; and
at () = 1 the trend tail is exactly ~ C/t, non-integrable, while the crash exponent

statement is compatible with either classification. O

Proof of Corollary 3. Conditional on {7 > A}, let v4 be the law of the standardized
record Y4 on (—zq, 2,). From age A onward, the Lamperti time change V,, := Yjeu is
the same Ornstein—Uhlenbeck process killed at £z, as in the proof of Theorem 2. If
T denotes its killed lifetime, then for ¢t > A,

P(7 > t) = P(7 > A) / P,(T > log(t/A)) va(dy).

The killed Ornstein—Uhlenbeck semigroup on the bounded interval has principal decay

rate ¥(a) and a strictly positive principal eigenfunction. Its spectral bounds give, for
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every compact K € (—zq, 2a),

cree @ < inf Py (T > u) < sup Py (T > u) < Ce @
yekr ly|<za
for all sufficiently large u. Some such compact K has v4(K) > 0. Applying the
lower bound on K and the upper bound on the whole interval yields P(7 > t) =
t=v(@+e(l) " The same survival probabilities tend to zero, so the spell exits almost
surely. Reapplying the argument after each reset gives recurrent exits; a strictly
positive first-look lower bound makes every spell last at least that amount and rules

out finite-time accumulation. O
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